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Abstract 



The Lefschetz fixed point theorem and its converse have many generalizations. 
One of these generalizations is to endomorphisms of a space with a group action. In 
this paper we define equivariant Lefschetz numbers and Reidemeister traces using 
traces in bicategories with shadows. We use the functoriality of this trace to identify 
different forms of these invariants and to prove an equivariant Lefschetz fixed point 
theorem and its converse. 

Introduction 

The Lefschetz fixed point theorem gives an easily calculable sufficient condi- 
tion for a continuous endomorphism of a closed smooth manifold to have a fixed 
point. This theorem has many generalizations. One of these generalization is the 
equivariant Lefschetz fixed point theorem. 

Theorem A (Equivariant Lefschetz fixed point theorem). Let G be a finite group, 
X be a closed smooth G-manifold, and 

f:X^X 

be an equivariant endomorphism. If f is equivariantly homotopic to a map with no 
fixed points then the equivariant Lefschetz number of f is zero. 

The equivariant Lefschetz number is a generalization of the classical Lefschetz 
number. It is defined in terms of the classical Lefschetz numbers of the subspaces 
of X fixed by subgroups of G. In this form, this theorem was proved by Luck and 
Rosenberg in [2"T] . 

The classical and equivariant Lefschetz fixed point theorems do not give neces- 
sary conditions for an endomorphism to have a fixed point. There is a refinement 
of the Lefschetz number that gives a necessary and sufficient condition if certain 
dimension conditions are satisfied. The refinement of the Lefschetz number is called 
the Reidemeister trace. 

Theorem B (Converse to the equivariant Lefschetz fixed point theorem). Let X 
be a closed smooth G-manifold such that 

dim (X H ) > 3 and dim (X H ) < dim (X K ) - 2 

for all subgroups K C H of G that are isotropy groups of X . Then an equivariant 
endomorphism 

f-X^X 
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is equivariantly homotopic to a map with no fixed points if and only if the equivariant 
Reidemeister trace of f is zero. 

Version of this theorem have been proved by Fadell and Wong [9], Wong [35] . 
Weber [32] , and Klein and Williams [TS] . 

The original proofs of Theorems A and B were generalizations of the corre- 
sponding proofs of the classical case where G is the trivial group. These proofs 
used simplicial techniques and were difficult to generalize. In [8 j an alternative 
approach to the proof of the classical version of Theorem A was developed. This 
approach is more conceptual and is independent of the previous proofs. In [16] and 
[2~4] a corresponding approach to the classical version of Theorem B was developed. 
In this paper we will describe how to apply this approach to the proofs of Theorems 
A and B. 

A significant part of both of these theorems is the identification of different 
descriptions of the same invariant. In [24] we defined the trace in a bicategory 
with shadows and showed that it can be used to prove these identifications in the 
classical cases. Here we show our approach is equally applicable to equivariant 
invariants. This gives independent proofs of Theorems A and B that are immediate 
generalizations of the proofs of the corresponding classical results. 

The approach of trace in bicategories captures many of the known equivariant 
fixed point invariants. These include the equivariant fixed point indices in [51 121j. 
the equivariant Lefschetz number in [171 133] , the equivariant Nielsen number in [HI 
[34] , and the equivariant Reidemeister traces in [311 [32] . This approach also describes 
new invariants. Some of these new invariants detect fixed orbits in addition to fixed 
points. 

In the first two sections of this paper we recall the definitions of traces is sym- 
metric monoidal categories and bicategories with shadows. In Sections [3] and 2] we 
describe two examples of bicategories with shadows. In Sections [5] through [8J we 
prove Theorem A. In Sections l9l through 1141 we prove Theorem B. 

We assume the reader is familiar with the classical fixed point index described 
in [3] [7] and Nielsen theory described in (3] [13] . 

Acknowledgments. I would like to thank Frank Connolly, Peter May, Gun Sun- 
yeekhan, and Bruce Williams for many helpful conversations. 

Notation. G denotes a finite group and H is a subgroup of G. NH is the normal- 
izer of H in G, WH is NH/H. (H) denotes the conjugacy class of the subgroup 
H in G. 

If X is a right G-space and x G X, G x := {g € G\xg = x}, 
X H := {x G X\xh = x for all h G H} 
X H := {x G X\G X = H} 
X >H := {xeX\HCG x } 
X {H) := {x G X\(G X ) = (H)} 
X™ [= {xe X \{H) C (G x )} 

If x: G/H ^ X \s & G-map, Xh(x) is the component of Xh that contains x(eH) 
and X H (x) is the component of X H that contains x(eH). 
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Topological assumptions. We will focus on G-manifolds and G-ENR's. This 
assumption allows us to consider only particularly nice maps without any loss of 
generality. 

For the definition of a G-ENR see [12]. 

Definition 0.1. pH 4.3] Let X and Y be G-spaces. A G-map f : X ^ Y is taut 
if for all isotropy subgroups H of X there is a neighborhood V of X >H in X H and 
an equivariant retraction rjj : V — > X >H such that f H \v = f o m- 

Proposition 0.2. [lOj 4.4] [33l 2.5] Let X be a compact G-ENR and f : X -» X a 
continuous G-map. Then f is G-homotopic to a taut map. 

This proposition is a consequence of the following observation. 

Proposition 0.3. [5D1 II.1.9, II.6.7] If X is a G-ENR the inclusion 

X> H ^X H 

is a WH-cofibration for any subgroup H of G. 

We will assume maps are taut. If a map is not taut, we will replace it by an 
equivariantly homotopic map that is taut. Since all the invariants defined here are 
invariants of G-homotopy classes the choice does not matter. 

Let F g be the fixed point^] of the map / ■ g. 

Proposition 0.4. Let f be a taut map and g and h be elements of NH that are 
not conjugate in WH. Then there are open neighborhoods U g of F g ClXrm an d Uh 
of F h n X {H ) in X^, disjoint from X >{ - H \ such that U g f~l U h and (U g /WH) n 
(Uh/WH) are empty. 

Since G is finite, for each isotropy class of subgroups H of G we use this propo- 
sition to choose pairwise disjoint neighborhoods of the fixed points of / • g for a 
representative g of each conjugacy class in WH . 

Proof. First note that for any taut map / ' : U — > X and every conjugacy class of 
subgroups (H) of G 

F e nu {H) nu >{H] 

is empty. See [22l 5.3] for a proof. Since / • g is also taut, 

F g n u {H) n u >{H) 

is empty for each g. 

The action of WH on X H is free, so F g nF h n X H and (F g /WH) n (F h /WH) n 
(Xh /WH) are empty if g and h are not conjugate in WH. This implies that 

F g nx H n (F h n x H ) 

and 

(Fg/WH) n (Xh/wh) n ({F h /WH) n (x h /wh)) 

are also empty. 

The sets F g (~l Xh, Fh n Xh and X >H are pairwise separated. Since X is com- 
pletely normal there are pairwise disjoint open neighborhoods of these sets. Sim- 
ilarly, the sets (Fg/WH) n (Xh/WH), (Fh/WH) n (X H /WH), and X >H /WH 



In this paper "fixed point" means fixed with respect to a map, i.e. f(x) = x. It does not 
necessarily mean fixed with respect to the group action. 
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are pairwise separated. The disjoint neighborhoods of the lemma are the neighbor- 
hoods chosen above modified by the neighborhoods of (F g /WH) n (Xh/WH) and 
(F h /WH)n(X H /WH). ' □ 

1. Duality and trace in symmetric monoidal categories 

The trace in symmetric monoidal categories is a generalization of the trace in 
linear algebra that retains many important properties. In particular, it satisfies a 
generalization of invariance of basis and is functorial. The generalized trace defines 
a trace for endomorphisms of modules over a commutative ring, endomorphisms of 
chain complexes of modules over a commutative ring, and endomorphisms of closed 
smooth manifolds. 

There are several sources for additional details on this trace. These include 

EES HO- 

Let "V be a symmetric monoidal category with monoidal product <g>, unit 5, and 
symmetry isomorphism 

7: A ® B -> B ® A. 

Definition 1.1. An object A in Y is dualizable with dual B if there are morphisms 

■q: S -> A®B 

and 

e: B® A^ S 

such that the composites 

A ^, ^ A ? '® id A n A id ® £ A n ~, A 

A = S ® A >- A® B® A >- A® S = A 

and 

_ id ®n eg)id 

B = B®S >■ B®A®B ^ S ® B = B 

are the identity maps of A and B respectively. 

The map r\ is called the coevaluation and e is called the evaluation. 

The category of modules over a commutative ring R is a symmetric monoidal 
category. The tensor product over R is the monoidal product. A module M is 
dualizable if and only if it is a finitely generated projective i?-module. In this case, 
the dual of M is Homn(M, R). The evaluation map, 

e: Hom fl (M, R) ® R M -> R, 

is e(<j), m) = <f>(m). Since M is finitely generated and projective, the dual basis theo- 
rem implies there is a 'basis' {mi, TO2, . . . , m n } with dual 'basis' {m^, m' 2 , ■ ■ ■ , m' n }. 
The coevaluation is defined by linearly extending 

71 

77(1) = mi ® m'i. 

z=l 

Definition 1.2. If A is dualizable with dual i? and / : A — > A is an endomorphism 
in 1^, the trace of /, tr(/), is the composite 



S — -*-A®B- — ^ A® B — -^B® A—^S 
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If R is a field, a finitely generated projective i?-module M is a finite dimensional 
vector space. The trace of an endomorphism is the sum of the diagonal elements 
in a matrix representation. 

Let A be a dualizable object of f, C be an object of 'f, and A : A — > C ® A be 
a morphism in "V . 

Definition 1.3. If/: A — » A is a morphism in ^ the transfer of / with respect to 
A, ti'A(/), is the composite 



S- 



■ A 



A®id 

B *~C< 



A®B 



id 



G(g>A<g>5- 



■G<g>.B<g> A- 



id C 



C ® 5 s G. 



The equivariant stable homotopy category is a symmetric monoidal category. 
We say a space is dualizable if its suspension spectrum is dualizable. We can also 
give another description of these duals. 

Let V be a G-representation and S be the 1-point compactification of V. The 
base point of S is the point at infinity. 

Definition 1.4. [T§1 III. 3. 5] A based G-space X is V-dualizable if there is a based 
G-space Y and equivariant maps r] : S v X AY and e: Y A X —* S v such that 
the diagrams 



Sax 



??Aid 



x ay ax 



id Ae 



„ idAr) 

Y A S Y AX AY 



eAid 




XAS V S v AY 

commute up to equivariant stable homotopy. 

The map a is defined by a(v) = —v. 

An orbit G/H + is dualizable for any subgroup H of G and the dual is G/H + . 
There are two other examples where we can give explicit descriptions of the dual. 

Proposition 1.5. 19, III.4.1, III.5.1] 

(1) If X is a compact G-ENR that embeds in a representation V , X + is V- 
dualizable with dual the cone on the inclusion V \ X — > V . 

(2) If M is a closed smooth G-manifold that embeds in a representation V , then 
M + is V-dualizable with dual TV, the Thorn space of the normal bundle of 
the embedding of M in V. 

The trace of an endomorphism of a G-space regarded as a map in the equivariant 
stable homotopy category is called the local Lefschetz number. The local Lefschetz 
number is the stable homotopy class of a map 

S V ^S V 

for some representation V and so is an element of the th equivariant stable homo- 
topy group of S°, 7Tq G . Using this definition of the local Lefschetz number, is it 
clear that the local Lefschetz number is an invariant of the equivariant homotopy 
class. This definition can be generalized to maps 

f:U^X 
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where U is an open invariant subspace of X and the set of fixed points of / is 
compact. See [30l III. 1.4]. The local Lefschetz number is also called the fixed point 
index. 

The local Lefschetz number of the identity map of a G-space X is called the equi- 
variant Euler characteristic of X. It is denoted x(^0- This definition is consistent 
with the classical definition of the Euler characteristic. 

Proposition 1.6 (Additivity of trace and transfer). [HOI III. 5. 3] [23 1.17] Let U be 

an open invariant subset of X, f:U—>X be an equivariant map, and V and V 
be open invariant subsets of X such that V U V' = U and V H V contains no fixed 
points. 
Then 

tr(/|v)+tr(/| v ,)=tr(/). 
If iy and ty are the inclusions of V and V into X and A is the diagonal map 

M*(tr A (/|y)) + M*(tMf\v>)) = tr A (/). 

2. Duality and trace in bicategories with shadows 

The trace in a symmetric monoidal category describes the classical and equivari- 
ant local Lefschetz number and the classical (global) Lefschetz number. It cannot 
be used to describe the refinements of the Lefschetz number to the Reidemeister 
trace. It also cannot be used to define the equivariant Lefschetz numbers defined 
in [13 HI] . To describe these invariants we need to use the trace in a bicategory 
with shadows. 

This section is a brief summary of the relevant parts of [23l[24j[26]. Here we define 
duality and trace in bicategories with shadows and state some basic properties. We 
will give applications of this trace in Sections [5J QUI El and [T^J 

Definition 2.1. [TBI 1.0] A bicategory 38 consists of 

(1) A collection ob^. 

(2) Categories 38{A, B) for each A, B e ob38. 

(3) Functors 

: 38(A, B) x 3B{B, C) -» 38 {A, C) 
U A -*-> 3§{A, A) 

for A, B and C in ob^. 
Here * denotes the category with one object and one morphism. The functors are 
required to satisfy unit and associativity axioms up to natural isomorphism 2-cells. 

The elements of oh3§ are called 0-cells. The objects of 3§(A, B) are called 1-cells. 
The morphisms of 3§(A, B) are called 2-cells. 

There is a bicategory, denoted Mod, with 0-cells rings, 1-cells bimodules, and 
2-cells homomorphisms. The bicategory composition is tensor product. 

Definition 2.2. [H 16.4.1] A 1-cell X e 3§(A, B) is right dualizable with dual 
Y G 38{B, A) if there are 2-cells 

V-U A ^ X QY f.YQX ^U B 

such that 

Y = YQU A ^YQXQY^U B QY = Y 
X^U A QX V ^ XQYQX^ XQU B = X 
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are the identity maps of Y and X respectively. 

The map 77 is called the coevaluation and e is called the evaluation. We say 
(X, Y) is a dual pair. 

If M is a finitely generated projective right i?-module then M is a right dualizable 
1-cell in Mod with dual Hom^(Af, R). The evaluation map 

Rom R (M, R) Z M -> i? 

is the usual evaluation map. This is a map of i?-i?-bimodules. Since M is finitely 
generated and projective there are elements {mi, m-z, . . . , m n } of M and dual ele- 
ments {m[, m'2, ■ ■ ■ , m^} of Homfl(M, i?) so that the coevaluation map 

Z -> M K Hom fl (A/, i?) 

is defined by linearly extending 77(1) = ^ 77^ 0m^. This is a map of abelian groups. 

For some dualizable objects, like modules, it is easy to directly describe the dual, 
coevaluation and evaluation. For others it is easier to describe the dual in steps. 
The following lemma describes this process. This lemma is the source of many of 
the dual pairs we will use. 

Lemma 2.3. [23, 16.5.1] If X 6 S8{A,B) and Z G 3S{B,C) are right dualizable 
with duals Y and W respectively, X Z is right dualizable with dual W Y. 

If the coevaluation and evaluation for the dual pair {X, Y) are 77 and e and those 
for the dual pair (Z, W) are \ and 8, the coevaluation for (X Z, W Y) is 

n id 0v0id 

U A — X QY = X QU B GZGWQY. 
The evaluation is 

PF Y X Z ld -^- d W OUbQZ^WgZ — ^> C/ c ■ 

Like the symmetric monoidal case, the trace of a 2-cell is defined using a com- 
posite of the coevaluation and evaluation for a dual pair. Unlike that case, the 
source of the evaluation and target of the coevaluation are not isomorphic. To 
accommodate this, we need more structure on a bicategory before we can define 
trace. The additional structure is a shadow. 

Definition 2.4. [24], 4.4.1] A shadow for S3 is a functor 

((-)): ]l<g(A,A)^& 

to a category ST and a natural isomorphism 

(XQY)) = (YQX)) 

for every pair of 1-cells X € SB(A, B) and Y £ S§(B, A) such that the diagrams 
({X 7)0 Z)) *-((Z (X F))) ^(((Z QX)Q Y)) 



(X (Y Z)}} ?-(((Y Z) X)) s-((Y (Z X))) 

((z — ((f/A z» — «z 174 
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commute. 

Let P be an i?-i?-bimodule. Let N(P) be the subgroup of P generated by 
elements of the form 

rp — pr 

for p E P and r G R. The shadow of P is P/N(P). This defines a shadow on the 
bicategory of bimodules with the required isomorphisms given by the transposition 
of elements. Notice the shadow is very similar to the definition of the tensor product 
of two modules. 

Definition 2.5. [24] 4.5] Let X be a dualizable 1-cell in 3§ with dual Y and 
/ : Q0X->X0Pbea 2-cell in SB. The trace of / is the composite 

(Q) = (Q © Ua)) — «Q X Y) 

/©id 

(XQPQ Y)) — ^ ((P0F0 X)} «P U B ) = (P)). 

If M is a finitely generated projective right i?-module and f:M — > M is a 
i?-module homomorphism the trace of / is the trace defined by Stallings in 29 . 

Suppose SS is a bicategory with a shadow ((— )) that takes values in a category 2? 
and SB' is a bicategory with a shadow ((—}}' that takes values in a category A 
shadow functor 

F;S8^SB' 

is a functor of bicategories F : 38 — > a functor F t : <f7" — > and a natural 
transformation 

^,:{i?(_)|f_fi«_» 

such that 

(FI FY)/ ^{{FY 



((F(X0F)))' 
Ft((XQY})- 



(F(YQX))1 
■FtdYQX}) 



commutes for each pair of compatible 1-cells X and Y. 

Proposition 2.6. [24, 4.5.7] Let F be a shadow functor, X be a dualizable 1-cell 
in SB with dual Y, and 

f:Q®X^X®P 

be a 2-cell. If 

F(X) F(Y) —y F(X © Y), 
F(X)QF(P) ->F(XQP), 

and 



Uf(b) — » 

are isomorphisms and f is the composite 



F{U B ) 



FQ FX F(Q X) — F(X P) -^-^ FX FP. 
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then 



(FQ))^l((FP)) 



F{Qp^F(P} 



commutes. 



This proposition will be an important part of the comparisons of fixed point 
invariants. 



3. The bicategory of enriched distributors 

In this section and the next we will describe the bicategories we will use to 
define equivariant fixed point invariants. These bicategories are generalizations of 
the bicategory of rings, bimodules and homomorphisms. The first is the bicategory 
of categories, distributors, and natural transformations enriched in a symmetric 
monoidal category. We define this bicategory and prove some basic properties in this 
section. The second is the bicategory of monoids, bimodules, and homomorphisms 
in a bicategory. We describe this bicategory in lScction 41 Both of these bicategories 
are described in [33] US] ■ There are many examples of how these bicategories are 
used to define classical fixed point invariants in [24] . 

We will use the bicategory of distributors to define the invariants in Sections 
El [3 QUI and QT] We will give examples of dualizable 1-cells in this bicategory in 
Sections [5] and [9] 

Let V be a symmetric monoidal category with product ® and unit S. A category 
is enriched in Y if for pairs of objects a and b in g/ (a, b) is an object of ~f 
and for objects a, b, and c in the composition 

srf{a, b) ® #f(b, c) -> #f(a, c), 

is a morphism in V . 

If s/ and £3 are enriched categories, the objects of the category 

are pairs (a, b) where a £ ohsrf and b £ ob^. If a, a' £ obs/ and b, b 1 £ ob£$, then 

{a/ ® &){{a, b), (a', b' j) = (£/(a, a')) ® (#(&, b')). 

Define an enriched category Sy with one object * and Sy(*, *) = S. Then <8> Sy 
is isomorphic to stf '. 

A functor S£ : srf ® SS° V — > "V is an enriched distributor if the composition map 

sf{a, a') ® Jf (a, 6') <g> 08{b, b') -> &{a', b) 

is a map in "f for all objects a and a 1 of &/ and b and b 1 of 3§. Distributors of this 
form are also called .aZ-^-bimodules. A distributor 

5C : at S at <g> S°/ -► f 

is a left J2/-module and a distributor 

«r : ^ ® ^ op -► r 

is a right ^-module. 
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If "V is the category of abelian groups and si and 3S are categories with one 
object, si and 38 are rings. A distributor 

$T : si <g> 3§° v -> r 

is a bimodule in the usual sense. 

For a category si define a distributor 

U* : si si op -> r 

by Ujrf(a, a') = *f (a', a). When there is no ambiguity, we will use si to denote the 
distributor U^/. If F : si — > ^ is a functor, define a distributor 

•*r F : y ^ op -> r 

by 

%f F (c,a) =^(F(a),c). 
An enriched natural transformation r\ : X — > ^ between two distributors i?T : ,k/0 
_> 7/ an( i <3f ; si % 38° p — > is a natural transformation where the maps 

77 a , 6 : iT(o,6)-»y(o,6) 

are maps in ~P for each a 6 ohsi and & 6 obJ?. 

If S£ : •e/(g)^' op -> f and ^ : ^(g)^ 013 -> f are two distributors, the distributor 
JT ^ : ^ (g) ^ op -> "V is the coequalizer of the diagram 

\\ .r{a,b)®.38{b',b)®W{b',c) ? I| 3£{a,b)®<3f{b,c) 

b,b'eoh3g beohSS 

for all a 6 ob^ and c £ oMf . This generalizes the usual tensor product of modules. 
For 3C as above, SC © U m = % = 5£ . If F : <g -> 38 is a functor, %~®tf F 
is equivalent to the distributor 

Let <£V denote the bicategory with 0-cells "^-enriched categories, 1-cells "f- 
cnrichcd distributors, and 2-cells "^-enriched natural transformations. See [14] for 
more about enriched categories. 

If iF: si si op — > ^ is a distributor, the shadow of is the coequalizer of 

jj si(a,a')<8) 2f(a,a')^^: JJ 2f(a,a) 
The symmetry isomorphism in ~f defines the map 

This generalizes the shadow of a bimodule and is compatible with the bicategory 
composition of distributors. 

In [24| we used the following lemma to verify certain distributors were dualizable. 

Lemma 3.1. [241 9.2.6]If38 is a connected groupoid, a distributor 

X : 38° v -> Y 

is dualizable if and only if (b) is dualizable as a distributor 

&(b): 38{b,b)° v -» V 

for any b £ ob38. 



EQUIVARIANT FIXED POINT THEORY 



11 



The categories we use to describe equivariant fixed point invariants will usually 
not be groupoids. However, there is a generalization of this characterization that 
we will use to verify the distributors we consider are dualizable. Both the charac- 
terization above and the one we describe now are related to the general description 
in [2J 7.9.2]. 

Definition 3.2. [20l 11.9.2] A category stf is an El-category if all endomorphisms 
are isomorphisms. 

In an El-category there is a partial order on the set of objects: x < y if s/(x, y) ^ 
0. The following three categories are El-categories. 

Definition 3.3. 1. 10.1] The objects of the orbit category of a finite group G, 
^G, are the subgroups of G. The morphisms from a subgroup H to a subgroup K 
are the G-maps 

G/H -> G/K. 

If a is an element of G such that aHa' 1 C K, there is a G-map 

R a : G/H -> G/K 

defined by R a (gH) = gaK. All G-maps G/H — > G/K are of this form. 

Definition 3.4. [SJ 1.10.3] The objects of the equivariant component category 
of a G-space A, LIo(G, A), are G-maps x(H): G/H — * X. A morphism from 
x(H) : G/H — » A" to y(K) : G/K — > A is a G map 

i? Q : G/H -> G/A 

such that y(A) o _R and x(if) are G-homotopic. 

Definition 3.5. (6] 1.10.7] The objects of the equivariant fundamental category of 
a G-space A, II(G, A), are the G-maps x(H) : G/H — > A. A morphism from x{H) 
to y(K) is a G-map 

i? Q : G/H -> G/K 
and a homotopy class of G-maps 

w{H): G/HxI^X 
relative to G/H x dl such that iu(i?)(-,0) = x{H) and w(H)(-, 1) = y(A) o J? . 
In general, n (G,A) and U(G,X) are not groupoids. 

Let Chfl be the category of chain complexes of modules over a commutative ring 
R. Let srf be an El-category enriched in abelian groups. 

Definition 3.6. [351 3.5] A functor 3C : srf — > Ch^ is supported on isomorphisms 
if 3£{f) is the zero map if / is not an isomorphism. 

If is supported on isomorphisms it only 'sees' a disjoint collection of groupoids 
rather than the entire category si ' . Let B(g/) denote a choice of representative for 
each isomorphism class of objects in srf ' . 

Lemma 3.7. 25, 3.6] Let 3£ : £/ op — » Ch^ and W : — v Ch^ be supported on 
isomorphisms. Then 
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The idea of the proof is to use Definition 3.61 to show that 
satisfies the universal property that defines JOiF. 

Corollary 3.8. [25j 3.7] Let X and <3/ satisfy the conditions of \Lemma 3.7\ If 

JT(c) is dualizable as an &/(c, c) -module with dual W{c) for each c £ B(srf) then 
X is dualizable with dual W. 

The idea of this proof is to use ILemma 3.71 and the coevaluation and evaluation 
maps for each 3£{c) to build a coevaluation and evaluation for S£ . 

There are similar restrictions on the shadows that can arise from El-categories. 

Lemma 3.9. Suppose F: — > si is a functor such that for objects a and b in 
B(gf) with a ^ b at least one of £/(F(a),b) or s/(b,a) is empty. Then 

((^ F »^© feeBK) K(F(6),6))). 

The hypothesis on the functor F implies the coequalizer that defines the shadow 
of &/ F reduces to a coequalizer for each b £ B{&/). 

Some of our invariants will be defined using distributors enriched in the category 
of based spaces, Top,. For this category we need to make a few modifications to the 
definition of the bicategory composition, the shadow and dualizable objects. These 
changes ensure the spaces all have the correct homotopy type. 

If SC ; srf ® ,^ op -> Top, and W : 2% ® "?? op -> Top, are two distributors 

J0f:^0r p -^ Top, 

is the bar resolution £?(JT, 38, For an object a in <sz/ and an object c in ff, the 
space B(3£,&), c) is the geometric realization of the simplicial topological 

space with n-simplices 

n j — 1 

&0,bl,l)2,...,!l T ((:Ob^ 

Note that B(&, srf ', &/) is equivalent to 3£ . 

If 3f: ® &/° p — ► Top, is a distributor, the shadow of 2? is the cyclic bar 
resolution. The cyclic bar resolution is the geometric realization of the simplicial 
space with n-simplices 

JJ J(o n ,o )A^(ffli,ffi )A...Ai!/( 

; Ojti — 1 ) • 

See [24j 3.1] for more details. 

In this bicategory we define dualizable 1-cells using homotopy classes of maps. 

Definition 3.10. A functor X : -s^ op — ► Top, is n-dualizable if there is a functor 
W : si — > Top,, a map 77: S" 1 — > B(JT, jz/, ^), and an ^Z-^-equivariant map 
e : ^ A -> 5" A £/ such that 

5" A % -^t B(^T, ^, A ^ A 5" -^2- ^ A B( JT, st, <3f) 



id A£ 



(<rAid)7 

X A S» S"Af 



eAid 



commute up to ,2/ -equivariant homotopy. 
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If srf is a category with one object * and the morphisms of are a discrete, 
finite set, a functor X : £/ op — » Top„ is a space X with an action by the group 
£/(*, *). Then the definition above reduces to the following statement: If X is an 
£/ (*, *)-space then X is dualizable if there is an (*, *)-space Y , a map 

77: S n -> X Aj^Y 

and an stf (*, *)-&/ (*, *)-equi variant map 

such that the triangle diagrams above commute. This type of duality is called 
Ranicki duality. 

In general this is different from the duality of lDcfmition 1.41 but in one important 
case these duals coincide. Recall that G is a finite group. 

Theorem 3.11. [TJ 8.6] Let X be a free G- space. If X is Ranicki dualizable and 
equivariantly dualizable then the Ranicki dual is equivalent to the equivariant dual. 

We will use this theorem and its proof to connect different descriptions of the 
Lefschetz number and Reidemeister trace. 

In the topological examples we will consider here a condition like the condition 
in IDcfinition 3.61 will be satisfied. We will use this perspective to construct dual 
pairs following the approach of |Corollary 3.8[ 

4. The bicategory of bimodules 

The bicategory of bimodules is another generalization of the bicategory Mod. 
We will use this bicategory to define the invariant in IScction 121 

A monoid in a symmetric monoidal category Y is an object E of Y and two 
morphisms 

fj,: E® E -> E 

and 

k: S -> E 

that satisfy unit and associativity axioms. If E and E' are monoids in Y, an 
E-E'-bimodule is an object M of Y and two morphisms 

E <g) M -v M 

and 

M®E' 

that satisfy compatibility axioms. If M and N are i?-£"-bimodules, a bimodule 
homomorphism 

M -> N 

is a morphism in "V that respects the action of E and E' . The monoids, bimodules, 
and homomorphism in a symmetric monoidal category Y define a bicategory. In 
the case Y is a the category of abelian groups, this bicategory is the bicategory 
Mod. 

We can generalize this to the bicategory of monoids, bimodules, and homomor- 
phisms in a bicategory rather than a symmetric monoidal category. The general 
construction is described in 24, 26 . We will only consider the case of monoids and 
bimodules in the bicategory of parametrized G-spaces here. 

The definition of the bicategory of parametrized spaces can be found in lSection 161 
That section also includes theorems that we will use later in this paper. 
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Definition 4.1. A monoid is an ex-G-space E over B x B and parametrized equi- 
variant maps 

[i: EME^ E 

and 

k: U b ■= (BU(B x B)) -> £? 
that are associative and unital. 

The H product is defined in ISection TBI It is the bicategory composition in the 
bicategory of parametrized G-spaces. The section of Ub is the inclusion of B x B 
and the projection is the disjoint union of the diagonal map and the identity map. 
The space Ub is a unit for M. 

If B is a G-space, the ex-G-space Ub is a monoid. The map fi the unit isomor- 
phism and k the identity map. 

Let e be the group with one element and tt be a discrete group. Then 7r+ :— 7rII* 
is an ex-e-space over *. The group multiplication defines a map [i and k is the 
inclusion of S a into 7r + as the identity element and the disjoint base point. 

Let X be a G-space. The space of Moore paths in X, 

V{X) := {(7,u) £ A 10 ' 00 ) x [0,oo) |7(v) = 7(u)foraJlu > u}, 
is a G space where G acts trivially on [0, 00). The evaluation maps 

s: V(X) -> X and t; V(X) -> X, 
defined by 5(7, u) = 7(0) and £(7, u) = j{u), are equivariant. Let 

(V(X),txs)+ 

be the ex-G-space with total space V(X) II (X x X), projection (t x s) II id and 
section the inclusion of X x X . Composition of paths makes V(X) a monoid in 
GEx. 

Definition 4.2. A rig/it E-module is an ex-G-space M over B and a parametrized 
equivariant map 

m: M m E M 

which satisfies the usual module axioms with respect to the maps \i and K. 
Left modules and bimodules are defined similarly. 

If X is a 7r space then X + is a module over 7r + in the bicategory of parametrized 
e-spaces. The map 

m : X + A 7r + = (X x 7r) + — » A + 
is the action of 7r on X. If £7 is an ex-space over B and E has a fiberwise right 
action by a group 7r we can think of E as a t/s-7r_|_-bimodule. 

The path space V{X) defines several modules by neglect of structure. Using 
only composition on the right (V(X),t x ,s) + is a space over X x X and is a Ux~ 
■p(A)-module. Let 

R(V(X),t x s) 

denote this module. Similarly, let 

L(V(X),tx s) 

denote the associated P(X)-Ux -module given by using only left composition. Let 
(P(X), s)+ be the space over X with projection s and a disjoint section X. This is 
a right V{X)-modvle. Similarly (V(X),t) + is a left P(A)-module. 
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Definition 4.3. If M is a right ^-module and N is a left ^-module M N is the 
bar resolution B(M, E, N). 

The bar resolution B(M, E, N) is the geometric realization of the simplicial space 
with n simplices 

M H E n ® N. 

The face and degeneracy maps are defined using the maps fi, k, ttim and tun- For 
M and N as above, N M is the ex-G-space NAM over B x B with actions of E 
on the left and right. The composition A is the external product. It is defined in 
[23l 2.5] and also described in lSection 161 
Let V be a G-representation. 

Definition 4.4. A right -E-module M is right V -dualizable if there is a left E 1 - 
module N , a G-equivariant map 

77: 5 y ->M0 7V, 
and a _B-_E-bimodule homomorphism 

e: N & M ^ S v AE 

such that 

r?Aid id Ari 

S v A M *- MQNQM N A S v >■ N M N 

eAid 

(crAid)7 

S v AN 

commute up to iS-equivariant homotopy. 

The following lemma is the basis of many of the dual pairs we consider. 
Lemma 4.5. If X is a G-space then 

(R(V(X),t x s) + , L(T(X),t x s)+) 

is a dual pair. 

Proof. The coevaluation map 

U x -» (V(X), t x s)+ S R((V(X), t x s)+) L((V(X), t x s)+) 
is the inclusion. The evaluation map 

L{{V{X),t x s)+) R((V(X), t x s)+) 



L((V(X),tx s )+)AR((V(X),tx s)+) (V(X),tx s)+ 

is composition of paths. The monoid axioms imply that these maps are maps of 
modules and that the required diagrams commute. □ 

Definition 4.6. If P is an £?-i?-bimodule the shadow of P, ((P)), is the cyclic bar 
resolution C(E, P). 




16 



KATE PONTO 



The cyclic bar resolution is the geometric realization of the simplicial space with 
rt-simplices 

niA*(E n MP). 

The functors m and A* are defined in IScction 161 The face and degeneracy maps 
are defined using k, fi, and m. 

5. The equivariant component space 

In the first section we defined the local Lefschetz number. In IScction 71 we will 
define the global Lefschetz number. The equivariant Lefschetz fixed point theorem 
is a consequence of the identification these two invariants. 

We will make this identification in two steps. The first step, which we com- 
plete in the next section, is the identification of the local Lefschetz number with a 
third invariant, the geometric Lefschetz number. The geometric Lefschetz number 
is a trace in the bicategory of categories, bimodules, and natural transformations 
enriched in topological spaces. In this section we define the distributor used to 
describe the geometric Reidemeister trace. We also prove this distributor is dual- 
izable. We complete the identification of the local and global Lefschetz numbers in 
IScction "71 with the identification of the geometric and global Lefschetz numbers. 

Definition 5.1. The equivariant component space of X, G\X, is the functor 

U Q (G,X) op ->Top, 

defined by G\X(x(H)) = X H (x)/X >H (x). The action of the morphisms in U (G, X) 
is induced by the group action. 

In order to think of G\X as an enriched distributor we need to think of IIo(G, X) 
as a category enriched in based topological spaces. For this we think of each of the 
horn sets as a discrete space and add a disjoint base point to each. 

[Proposition 0.3| implies the space X H (x)/X >H (x) is W^TJ-equivariantly equiva- 
lent to the mapping cone of the inclusion X >H (x) C X H (x). 

Proposition 5.2. If X is a compact G-ENR then G\X is dualizable. 

Before we prove this proposition we prove two preliminary lemmas. 

Lemma 5.3. If X is a compact G-ENR then X H /WH is an ENR. 

Proof. If X is a G-ENR, then X H and X >H are VFiJ-ENR's. See [HI IL6.7] for a 
proof. 

If X is a G-ENR, then by 5, 5.2.5] X/G is an ENR. So X H /WH and X >H /WH 
are ENR's. □ 

Lemma 5.4. Suppose L is a discrete group, Y is a based L-space, and the action 
of L on Y is free away from the base point. If Y/L is a compact ENR then Y is 
Ranicki dualizable. 

If the group L is finite this is a consequence of lThcorcm 3.11l and the dualizability 
of compact ENR's in the equivariant stable homotopy category. If Y is a finite L- 
CW complex this result is [28l 3.5]. We include a proof here since we will need 
descriptions of the coevaluation and evaluation maps. 

The proof of this lemma is very similar to the corresponding proofs [H 3.1] and 
[231 18.8]. 
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Proof. Embed Y/L in a representation V. Let N be an open neighborhood of Y/L 
with a retraction r : AT — > F/L. Let 

C y/L (JV \*,N\ Y/L) := (N \ *) x {0} U (JV \ y/L) x/UF/ix {1}. 

This is a space over y/L with projection p given by the retraction r. If x £ y, let 
x be the image of x in Y/L. Let £>y be the space 

{(x, v) £ y x CV /L (JV \ *,N\ (Y/L))\x = p(v)}/ ~ 

where (x,u) ~ (y,w) if u and u are in y/L x {1}. 

Let B be a ball in V that contains Y/L. To simplify notation in the following 
diagrams we use (E, F) to denote E U CF for F C E. 

Let t; be the composite 

(y *) A L BY 



(V,V\0) 



(Yx L Yx Y/L (N\*),C 3 ) 



(v, v \ b) — - (v, (v \ (y/L)) u *) (y x L y Xy/L (jv \ *), c 2 ) 



(N\*,N\ (Y/L)) 



A 



^(7Vx y/i (JV\*),Ci) 



where 



Ci-iVx F/t (iv\(y/L)), 
c 2 = y x L y Xy/L (iv\(y/L)), 
c 3 - * x L y xy /L (TV \ *) u y x L y x y/L (n \ (y/l)). 

The first three maps are inclusion maps. The first map is an equivalence by inspec- 
tion. Homotopy excision implies the third map is an equivalence. The map R is 
defined by R(n,v) — (x,x,v) for some x e Y such that x = r(n). The second to 
last map is the inclusion. The last map is the addition on cone coordinates. 

Since Y/L is compact, there is a real number e such that every disk of radius 
e centered at a point of Y/L in V is contained in N. Replace TV by the union of 
these disks. Let T := {(n,x) £ (N \ *) x Y/L\ \ \r(n) — x\\ < e} and 

r e/2 := {(n, x) £ (N \ *) x Y/L\ \\r(n) - x\\ < e/2}. 

If (n, x) £ L then (1 — t)r(n) + tx is in TV for all t £ /. Define a path W(„ S ) in y/L 

by 

W(„,x)(i) = r((l - t)r(n) +tx). 

Let 

L* := {(n,x) £ r|w ( „ ;i) (t) ^ * for alii}, 
f := {(n,x) £ (JV\*) x y|(n,x) £ L»}, 

and 

f e /2 : = {(n,a;) £ f |(n,x) £ L £/2 }. 

Note that for (n,x) £ L, the path W( n ,x) lifts uniquely to a path a)( n> x) in Y such 
that iD(„ iX) (l) = x. 
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Let e be the composite 
DY A (Y, *) 



(Y x Y/L (N\*)x Y, D x ) ^ (Y x Y/L (N \ *) x Y, D 2 ) 

u 

(Y x Y/L f , D 3 ) L + A (V, V \ 0) 

where 

Dt = (Y x Y/L (N \ (Y/L)) XY)U(Y x Y/L (N\*)x *)) , 
D 2 =D 1 U(Y x Y/L ((N xY)\t t/2 )), 

d 3 = (y x Y/L r)nD 2 . 

The first map is the addition on cone coordinates. The second and third maps are 
inclusions. Homotopy excision implies the third map is an equivalence. 

If {n,y) G r there is a unique path &t nt y) in Y that ends at y and projects to 
W(„l). If {x, n,y) G Y x Y / L T then u>( n ^(0) = xg XiV for some unique g x . y G L. Let 
S(x,n,y) = (g x . y ,n- y). 

To see the composite 

(V, V\0)A(y, *) ^ (Y, *)A L DYA(Y, *) 'A 1 (Y, *)A L (L+A(V, V\0)) = (Y, *)A(V, V\0) 

is homotopic to the identity it is enough to see the map T ^ Y x V defined by 
(n,y) i— > (xg x ,y,n — y), where x — n, is homotopic to the map (n,y) k-> (y,n). A 
homotopy demonstrating this is 

H{n,y,t) = -t),n-ty). 

Let W EY x Y j L (N \ *) x (JV \ *) consist of the triples (y, n, m) such that 

(m,j/)er* and (1 — t)n — tm € N \ *forallt € /. 

To see the other required diagram for the dual pair commutes it is enough to show 
that the map 

W -> V x (Y x Y/L (N\*)) 

defined by (y,n,m) i— > (n — m, gm,yfh,m), where m is any lift of r(m) to Y, is is 
homotopic to the map (y,n,m) i— > (m,y,n). The homotopy 

K(n,y,m,t) = ((1 -t)n+ (2t- l)m,a)( fi)T .( rn ))(l -i), (1 -t)m + tn) 

demonstrates this. □ 

Proof of \Proposition 5.1?[ ILemma 5.41 shows that for each x(H) G obn (G, X) 

G\X(x(H)): n a (G,X)°v(x(H),x(H)) -» Top, 

is dualizable. 

Define a functor 

D(G\X): U {G,X) ^ Top, 
on objects by D(D\X)(x(H)) is the dual of G\X(x(H)) constructed in ILemma 5.41 
If R a ■ G/H — > G/K is an isomorphism, D(G\X)(R a ) is induced by the action of a 
on X H . If R a is not an isomorphism the action is trivial. 
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The evaluation map for the dual pair (G\X, D(G\X)) is a natural transformation 

D(G\X) G\X — > S n A n (G, X) + . 

This is a compatible collection of maps 

D(G\X){x(H)) A (X K (y)/X> K (y)) -> S" 1 A n (G, X)(x(H),y(K)) + . 

If there are no equivariant maps G/i? — > G/if then Ilo(G, X)(x(H), y(K)) is empty. 
We only need to consider the cases where H is subconjugate to K . If H is conjugate 
to K the dual pair above defines the evaluation map. If H is subconjugate to K 
but not conjugate to K, naturality forces the evaluation map to be the zero map. 
There is an inclusion of 



W (H) B(G\X(x(H)), n (G, X)(x(H),x(H))+,D(G\X)(x(H))) 

into 

B(G\X,n (G,X) + ,D(G\X)). 
The coevaluation is the composite of the fold map 

s n -> vs n , 

the coevaluation maps for the spaces X H (x)/X >H (x), and the inclusion above. 

Since the coevaluation and evaluation maps are defined using the coevaluation 
and evaluation maps for dual pairs of ILcmma 5.4( and because naturality forces 
many of the maps in the evaluation natural transformation to be zero, the required 
diagrams commute if they commute for each piece separately. □ 

Remark 5.5. In this section we do not need to assume the group G is finite. If G 
is an infinite discrete group proposition 5.2| holds as long as 

X H /WH 

is an compact ENR for all subgroups H of G. 

6. The geometric Lefschetz number 

In this section we define the geometric Lefschetz number. This invariant serves 
as a transition between the local Lefschetz number defined in IScctionTI and the 
global Lefschetz number defined in lSection 71 

An equivariant map f:X—>X defines a compatible collection of Il^iJ-equivariant 
maps 

f H :X H (x)^X H (f(x)) 

and 

f >H :X> H (x)^X> H (f(x)). 
The compatibility of these maps can be described using a natural transformation 
of the equivariant component space. 

Let Il£(G,X) be the U (G, X)-U (G, X)-bimodulc defined by 

Il£(G, X)(x(H), y{K)) = H (G, X)(f(y(K)), x(H)). 

Then G\X Qll f (G,X) is equivalent to G\X(f(-)). An endomorphism /: X -» X 
induces a natural transformation 

/: ~G\X — > ~G\X IIq(G, X). 



Since G\X is dualizable the trace of / is defined. 
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Definition 6.1. The (extended) geometric Lefschetz number of / is the trace of /. 

The (extended) geometric Lefschetz number is an element of ttq ^((IIq (G, X)} + ^j . 

It is an invariant of the equivariant homotopy class of the map. This invariant is 
defined whenever proposition 5.2] holds. 
For x(H) e ohn Q (G,X) let 

WH xJ := {g e WH\[f(x)} = [xg] e M*")} 

and {WH x j} denote the set of conjugacy classes of elements in WH x j. Let B(X) 
be the isomorphism classes of objects on Uq(G,X). 

Proposition 6.2. There is an isomorphism 

(6-3) 5: tt* («n£(G, - Z (U x{H)eB{x) (WH xJ }) . 

The image of the (extended) geometric Lefschetz number of f under 6 is 

E E (jc^^^)^^ 



y{K)eB(x) g ^ WKyJ )) 



Recall that i is the nonequivariant index and Cwiiig) '■= {h G WH\hg = gh}. 
This proposition also identifies this invariant with the the local equivariant Lef- 
schetz class of [21] . 

Remark 6.4. Using this proposition we see that the the (extended) geometric Lef- 
schetz number detects more than fixed points. In later sections we will see that the 
(extended) global Lefschetz number, (extended) geometric Reidemeister trace and 
the (extended) global Reidemeister trace also have this property. In Sections [8] and 
[13] we will explain how to use these invariants to define invariants that detect only 
fixed points. 

We divide the proof of this proposition into several lemmas. 
For each object x(H) of H {G,X), 

ui{G,X)(x{H),x{H)) 

is an Uo(G,X)(x(H),x(H))- U (G, X)(x(H), .x(iJ))-bimodule. 

Lemma 6.5. There is an isomorphism 

K(G, X))) ]± (U f (G, X)(x(H), x(H))}. 

x(H)eB(X) 

The image of the (extended) geometric Lefschetz number in 

n s (M(G,X)(x(H),x(H))) 



is the trace of the natural transformation 

G\X(x(H)) -» G\X{x{H)) U f (G, X)(x(H),x(H)) 

induced by f . 

Proof. The functor H(G,X) — » H(G,X) induced by / satisfies the hypothesis of 
ILcmma 3.91 

The decomposition of the trace corresponds to the decomposition of ((IIq (G, X)}. 

□ 
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Lemma 6.6. There is an isomorphism 

(U f (G,X)(x(H),x(H))}^{WH x j)) 

for each x(H) E B{X). 

Proof. The set Hq{G, X)(f(x(H)) t x(H)) consists of the elements g of WH such 
that f(x) is in the same component of X H as xg. The set ((IE (G, X)} is defined to 
be the quotient of 

]Jll (G,X)(f(x(H)),x(H)) = ]]_WH xJ 

by the relation g\ ~ 52 if there are group elements h\ E Hq(G, X)(x(H), y(K)) and 
hi G n (G, X)(f(y(K)), x(H)) such that h\hi = g\ and /12/11 = 32- This can also 
be written as g\ ~ g2 if there is a group element h 2 E Ho(G,X)(f(y(K)),x(H)) 
such that gi = g?,h%. D 

The isomorphism 5 is the composite 

7r *(((n£(G,J0)) + ) - ^(n^eB^n^G,^)^^),^))}}) 
-> ttS (n xWeB (x)((^x,/») 

|Proposition 0.4| implies that for each conjugacy class of subgroups (H) and ele- 
ments g and h that represent different conjugacy classes of elements in WH there 
are open disjoint neighborhoods U g and Uh in X^ such that the fixed points of 
fg are in U g and the fixed points of fh are in Uh- 

Lemma 6.7. The image of the geometric Lefschetz number under 5 is 
E E i((f H /WH)\ Ug/WH )[x(H),g]. 

x(H)eB{X) g ^(wH x j)) 

Proof. We use the notation from the proof of ILcmma 5.41 Using ILcmma 6.51 it is 
enough to show that this holds for a space X where G acts freely away from the 
base point. If x E X, x is the image of x in X/G. 

Embed X/G in a G-representation V with a neighborhood N and a retraction 
r: N -+X/G. Let 

U = {nEN\*\(nJ/G(r(n))) G T*}. 

For each n E U, there is a path from r(n) to //G(r(n)) that does not pass through 
the base point. 
The trace of / is 

(V,V\0) 

u 

(v,v\b) — *(y,(y\x/G)u*) 

u 

(U, U \ X/G) — ^ (V, V \ 0) A((G» + 
where T(n) = (n — (/ /G(r(n))), g x ji x \) for a; any point of X such that 2 = r(n). 
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The first component of this map is the nonequivariant index of f /G. The group 
element g x j(x) is as in lLcmma 5.41 If f/G(y) = y for y G X/G, there is an x G X 
such that fixed by fg x j(x){x) = x. □ 

Note that the points of X/G outside UU g /G are mapped to the base point by 
the trace. 



Lemma 6.8. 



For f as above, 

i((f H /WH)\ Ug/WH ) 



1 



-A(f\x H {y)a)- 



\Cwh(9)\ 

Proof. To simplify the proof we assume the fixed points are isolated. 

Let y be a fixed point of f /G that is contained in U g . Suppose x G X such that 
x = y. Let H = G x . Then there are exactly |CVjj(<?)| points x of X H such that 
f{x) — xg and x = y in X/G. Since the fixed points of / are isolated and the action 
of WH on U g is free, for each x there is a neighborhood V in X H , homeomorphic 
to a neighborhood W in X H /WH , such that 




commutes. The index of x with respect to / is the same as the index of y with 
respect to f/G. 

[Proposition 1.6| implies the index of f /WH \u g /wH is the sum of the indices of 
the fixed points. Then the index of f /WH \u g /wH is 

*(/k) 



\Cwh{9)\ 



□ 



Proof of \Proposition 6.1^ The isomorphism 8 was defined above. Lemmas 16.71 and 
complete the proof. □ 



Examples. We use [Proposition 6~2l to compute the geometric Lefschetz number in 
the following examples. In all of these examples, and the examples in lSection 101 
the index of a fixed point x G X with respect to an endomorphism / : X — * X is 
computed in X Gm . 

For an element g G G and a subgroup H of G such that gHg^ 1 C H, we will 
use the notation gc/H to indicate the G-map R g : G/H — * G/H. 

Example 6.9. There is an action of Z/2Z on S 1 = R/Z by 

The degree three map is equivariant with respect to this action. The fixed points 
of / and / • 1 are displayed below: 



map 


fixed points 


/ 




/•I 


1 3 
4' 4 
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Nonequivariantly, these fixed points all have index — 1. The geometric Lefschetz 
number of this endomorphism is 

-[0z/2z] - [lz/2z] €Z[Z/2Z]. 

The degree 5 map is also equivariant with respect to this Z/2Z action. The fixed 
points of / and / • 1 are displayed below: 



map 


fixed points 


/ 


I I 3 

"M'2'4 


/•I 


13 5 7 

8' 8' 8' 8 



Nonequivariantly, these fixed points all have index —1. The geometric Lefschetz 
number is 

-2[0 z /2z] - 2[l z /2z] GZ[Z/2Z]. 

Example 6.10. Let S 2 be the identification space (7x7)/ ~, where (0, y) <~ (1,2/) 
for all y € I and (ti,0) ~ (t 2 ,0) and (ti,l) ~ (<2, 1) for all ti,t 2 6 7. There is an 
action of Z/2Z on S 2 by 

■ i = (x, l - y). 

Then (5 2 ) z / 2Z = {(t,i)} = ^. 
Define : 7 — > 7 by 

!2x < x < \ 

3 3 <^< ! 

2a; - 1 | < a; < 1 

This map is homotopic to the identity map. Define an endomorphism / : 5* 2 — > 5* 2 
by f(x,y) = (3x,ipi(y)). The map / is equivariant and taut. The fixed points of / 
and / • 1 are displayed below: 



map 


fixed points 


/ 


(*,o),(t,i),(o, §),(!,!) 


/•I 


(0) 2) ' ( 2 ' 2) 



Nonequivariantly, the fixed points (0, |) and (5,5) each have index — 1. The 
fixed points (t, 0) and (t, 1) have index 3. The geometric Lefschetz number of this 
map is 

-2[0 (z /2z)/(z/2Z)] + 3[0 Z/2Z ] + 0[l z/ 2z] G Z[(Z/2Z)/(Z/2Z)] ffi Z[Z/2Z]. 
Remark 6.11. If we try to compute the geometric Lefschetz number using the map 

ff(a;,2/) = (3a;, y) 

rather than / we will get a different result. This is because the map g isn't taut. 
The same problem comes up in the following examples. 
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Example 6.12. Consider S 2 with the same Z/2Z action as above. Define an 
endomorphism / by f(x, y) = (3x, 1 — ipi(y)). The fixed points of / and / • 1 arc 
displayed below: 



map 


fixed points 


/ 


(0> 2) ' (2' 2) 


/•I 


(t,0),(t,l),(0,i),(|,|) 



The geometric Lefschetz number of this map is 

-2[0 (z /2z)/(z/2Z)] + 0[0 Z/2Z ] + 3[1 Z/2Z ] e Z[(Z/2Z)/(Z/2Z)] © Z[Z/2Z]. 

Example 6.13. Define an action of Z/3Z on S 2 by (x,y) • 1 = (.t + Let 
ip2'- I —> I be defined by 

!0 < x < i 

2a; -| ±<x<§ 
1 f<s<l 
This map is homotopic to the identity map. Define a map g : S 2 — ► S 12 by 

fl(a;.J/) = (4x, V 2 (a;)). 

This map is Z/3Z equivariant. 

The fixed points of g and its translates under the action of Z/3Z are displayed 
below: 



map 


fixed points 


9 


(t,o),(t,i),(o,|),(U).(i.3) 


5-1 


(i, 0), (t, 1), (9,5) , (§, 5) , (§, 5) 


5'2 


(t, 0), (t, 1), (9,5) '(g' 2 ) ' (I' 2) 



Nonequivariantly, the fixed points (i, 0) and (i, 1) both have index 1. The re- 
maining fixed points have index — 1. Let Z[(Z/3Z)/(Z/3Z),0] correspond to the 
point (t,0) and Z[(Z/3Z)/(Z/3Z), 1] correspond to the point (t, 1). The geometric 
Lefschetz number of g is 

[0(Z/3Z)/(Z/3Z),o] + [0(Z/3Z)/(Z/3Z),l] — [0z/3z] ~ [lz/3z] — [2z/3z] 

in Z[(Z/3Z)/(Z/3Z), 0] © Z[(Z/3Z)/(Z/3Z), 1] © Z[Z/3Z]. 

Example 6.14. Let T 2 be the space 1x1/ ~ where (0,i) - (l,i) and (s,0) ~ (s, 1). 
There is a Z/2Z action on T 2 defined by 

(«,t)-l = (s,l-t). 

Then (T 2 ) Z / 2Z = {(*, 0)|s e /} II {(«, |)|s £ J}. 
Define a map ^3 : / — > / by 








< X < i 


3a; — 


1 

2 


6 - X ^ 3 


1 

2 




3 — X < 3 


3a; - 


3 
2 


3 — x v 6 


1 




| < a; < 1 
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This map is homotopic to the identity map. Define a map / : T 2 — > T 2 by 

f(x,y) = (3x,ip 3 (y)). 

The fixed points of / and its translate under the action of Z/2Z are displayed 
below: 



map 


fixed points 


/ 


(0,0), (0,1), (0,1), (0,1), (i,o), (i, i), (i, i), (if) 


/•I 


(0,0), (0,1), (1,0), (i,i) 



Nonequivariantly, the fixed points (0, \), (0, 1), (^, ^) and (1, |) have index 1. The 
remaining fixed points have index — 1. 

Let Z[(Z/2Z)/(Z/2Z), 0] correspond to the circle {(s, 0)} and Z[(Z/2Z)/(Z/2Z), 1] 
correspond to the circle {(s, 1)}. The geometric Lefschetz number of / is 

-2[0(z/2Z)/(Z/2Z),o] - 2 [0(Z/2Z)/(Z/2Z),i] + 2[0 Z /2z] + 0[lz/2z] 

in Z[(Z/2Z)/(Z/2Z), 0] ® Z[(Z/2Z)/(Z/2Z), §] ® Z[Z/2Z]. 

Example 6.15. The symmetric group on three letters, < a, 6|a 3 , 6 2 , a6a6 >, acts 
onS ,1 byi-a = i+ l,i-&=l — t. The subgroups of the symmetric group on three 
letters are all cyclic and they are generated by 

a, b, ba and ba . 

No points in S 1 are fixed by a or a 2 , the points and 1 are fixed by 6, the points 
g and | are fixed by 6a, and the points ^ and | are fixed by ba 2 . 
Define a map / : S 1 — > S 1 by 






if < i < ^ 


12*- | 




2 
3 


if | < * < | 


12i 


iff <t< £ 


1 

3 


if ^ < * < | 



Extend to the rest of the unit interval using the action of a. This map is homotopic 
to the degree 4 endomorphism and is equivariant with respect to the action of b. 
The translates of / by elements of S3 and their fixed points are displayed below: 



map 


fixed points 


/ 


r, 2 3 1 13 20 2 8 31 

u > 33 ' 11 ' 3 ' 33 ' 33 ' 3 ' 11 ' 33 


f-a 


8 19 10 
33' 33' 11 


f-a 2 


1 14 25 


11' 33' 33 


f-b 


r, 3 16 23 10 
U ' 13 ' 39 ' 39 ' 13 


f-ba 


1 10 17 2 35 

13 ' 39 ' 39 ' 3 ' 39 


f-ba 2 


4 1 22 29 12 


39 ' 3 ' 39 ' 39 ' 13 
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With respect to the maps /, / • a, and / • a 2 the fixed points have index — 1. 
With respect to the maps / • b, f ■ ba and / • ba 2 the fixed points have index 1. 

Since no points of S 1 are fixed by (a) and the normalizer of (b) is itself, the 
geometric Lefschetz number is an element of 

nm/m © zm/m © mba 2 )/^ © zh. 

Elements of the same order in S3 are conjugate, so (S3}} consists of three elements. 

The image of the geometric Lefschetz number in Z[(((6)/(6)| is the sum of the 
indices of the fixed points in (S 1 )^. The only fixed point is and it has index 1. 
The images of the geometric Lefschetz number in Z[(((6a)/ (ba)}] and Z[((ba 2 ) / (&a 2 )}}] 
are similar. 

Let e, 6, and a represent the conjugacy classes of elements in 5*3. The coefficient 
of e in ZHS3))] is the sum of the indices of fixed points of / that are not contained in 
(S 1 )^ U {S 1 )^ U (S 1 )^ divided by the number of elements in S3 that commute 
with e. There are six fixed points, all of index —1, and all six elements in S3 
commute with e. 

The coefficients of a and b in ZKS3})] are similar. The elements e, a, and a 2 
commute with a. The map / • a has three fixed points, all of index —1. The only 
elements that commute with b are e and b. There are four fixed points of / • 6, all 
of index 1. 

The geometric Lefschetz number of / is 

i b s 3 /(b)] + [ba S3 /(ba)} + [ba 2 s 3/{ba 2 } ] - [e<j 3 ] - [a<? 3 ] + 2[b S3 ] 
in Z[(((6}/(6)1 © Z[((ba)/(ba)}} © Z[((ba 2 ) / (ba 2 ))j © Z[«S 3 »]. 

7. The global Lefschetz number 

The classical Lefschetz fixed point theorem is a comparison of a local invariant 
and a global invariant. The cquivariant Lefschetz fixed point theorem is also a com- 
parison of local and global invariants. We have already defined the local invariant in 
IScction II We gave a different description of the local invariant in IScction 61 In this 
section we will define the global equivariant invariant. We will also complete the 
proof of an equivariant Lefschetz fixed point theorem by comparing the geometric 
and global invariants. 

Let ZIlo(G, X) be the category with the same objects as Ho(G, X). The mor- 
phism group 

ZU (G,X)(x(H),y(K)) 

is the free abelian group on the morphisms Hq(G, X)(x(H),y(K)). Composing 
the equivariant component space functor with the cellular chain complex functor 
defines a distributor 

C*(G\X): Zn (G,AT P -> Ch z . 

Lemma 7.1. If X is a finite G-CW complex the distributor C*(G\X) is dualizable. 

Proof. We will describe two proofs of this result. One uses functoriality and the 
other is more direct. 

[Proposition 5.2| implies G\X is dualizable. Since C*(— ) is strong symmetric 
monoidal, proposition 2. 6| implies C*(G|X) is dualizable. 
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For an object x(H) of II (G, A) let WH X := {h £ WH\[x] = [xh] E tt q (X h )}. 
Then 

C*{G\X){x(H)) 

is a finitely generated free Ztyf/^-module. This implies that C sr (G\X)(x{H)) is 
dualizable with dual 

This result and |Corollary 3. 8| imply that G*(G|X) is dualizable. □ 

Remark 7.2. In this section we focus on the case of a finite G-CW complex. In the 
previous section we considered smooth closed G-manifolds and compact G-ENR's. 
These choices simplify notation, and in the rest of this paper we will continue to 
make similar choices to simplify notation. Except for ISection 14( corresponding 
results hold for the other choices. 

As we noted in ISection "61 an equivariant map / : X — > X induces a natural 
transformation 

7, : c4G\x) -» c, (g\x) ZIl f (G,X). 

Where ZU f (G,X) is a ZU (G, X)-ZU (G, X)-bimodule defined by 

Zn£(G, X)(x(ff), = Zn (G, X)(f(y(K)), x{H)). 

Since G*(G|X) is dualizable the trace of /„ is defined. 

Definition 7.3. The (extended) global Lefschetz number of / is the trace of f t . 

Theorem 7.4 (Lefschetz fixed point theorem). If f : X — > X is an equivariant 
map the (extended) global Lefschetz number of f is equal to the (extended) geometric 
Lefschetz number of f. 

Proof. The cellular chain complex functor 

G* : Top„ — > Ch z 

induces a functor from distributors enriched in based spaces to distributors enriched 
in chain complexes. Additionally, if X and Y arc distributors enriched in topological 
spaces 

r : C, {X) G*(y) -> G,(A y) 
is an isomorphism. The functor G* also induces a map 

for any bimodule P. This shows G* is a shadow functor. 

The identification follows from [Proposition 2.6| □ 

The following corollary is a consequence of [Proposition 6.2] and [Theorem 7~fl 
Corollary 7.5. If f : X —> X is an equivariant map and the set 

{x G A"|there is g £ G such that f{x) = xg} 
is empty then the (extended) global Lefschetz number of f is zero. 
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As in ISection 6l we can also give another description of the global Lefschetz 
number. Recall the isomorphism 

5: Z«(n (G,X)») - Z (U B(x) {WH xJ }) 



of |Proposition 6.2] 



Proposition 7.6. The image of the (extended) global Lefschetz number under S is 

E E ir \ n tr ( g * : Ci (Xf,X>*) - a (Xf ,Jf> ff ))[ a! (ff) j5 ]. 

The trace tr (G» (f H g)) is the usual trace of an endomorphism of a chain complex 
of abelian groups. 

We divide the proof of this proposition into several lemmas. 

Lemma 7.7. The image of the (extended) global Lefschetz number in 

((n f (G,X)(x(H),x(H)))) 

is the trace of 

G* (G\x) (x(H)) -► G* (g]x) (x(H))QZnl{G,X)(x(H),x(H)) 
as a module over ZIIo(G, X)(x(H), x(H)). 

Proof. This is analogous to ILemma 6.51 □ 
Lemma 7.8. The trace of 

J,: C, (G\X) (x(H)) - G* (Gjx) ©Zn£(G,X)(z(iI),z(ir)) 
as a module over ZIIo(G, X)(x(H), x(H)) is 

£>i)W. (a (/") : a (xf ,1^) - a . 

The trace tr^y ir is the Hattori-Stallings trace. This lemma shows the (extended) 
global Lefschetz number coincides with the equivariant Lefschetz class defined in 

Proof. Since X is a finite G-CW complex, G* (X^,X> H ) is a finite free ZW# X - 
chain complex for each x(H) in Hq(G,X). 

Let {e^jj} be a set of generators for the ZW H x -ch&in complex G* (X x , X> H ), 
Let {e^ ff } denote the corresponding generators of the dual 

Uom W H x (G* (Xf ,X> ff ) ,Z^) . 
The coevaluation for the dual pair 

(C, (Xf ,X> H ) ,Hom Wfll (G* (Xf ,X>") .ZWfl*)) 
is defined by linearly extending the map 

1 H E E ei ' H<g)e iH- 

i(fl)£B(X) i 

The evaluation map is the usual evaluation. 
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The endomorphism C* (J) can be described using a matrix (bij^), bij,H G 
ZIL {G,X)(x(H),x(H)). Let 

p: U (G,X)(x(H),x(H)) ^{U f (G,X)(x(H),x(H))}^(WH xJ } 

be the quotient map. The image of 1 under the trace of C»(/) is 

£(-l) |e '- H| p(&M,ff)- 

i 

This is the Hattori-Stallings trace. □ 
Lemma 7.9. For f as above, the image of 

X)(-1)W*. (Q (f H ) : Cj (Xf ,X> H ) - a (X? ,*>*)) 

Z[ff] £ " 

E(- 1 ) i ^^ tr : a (xf ,x>") - a (xf ,x>*)). 

Proof. We use the notation from the proof of the previous lemma. 

If { e i,H} is a set of generators for the ZWH x -ch&in complex C* (X x ,X X H ) 
then {ei^Hg}g£WH !0 is a set of generators for C* (X^,X> ff ) as a chain complex of 
abelian groups. Using these generators the endomorphism C*(/) can be described 
using a matrix (c g _i^.j,H) of integers such that 

f(ei,H9)= E X/V./.,..// ;<.;/';• 

heWH j 

Since the map is equivariant 

c g,i,h,j,H c e,i,hg^ 1 ,j,H- 

The matrices and (c g s^j,H) describe the same homomorphism so 

bi,j,H = E Ce,iJi,jh. 
heWH 

The image of 1 under the trace of C* (/) is 

i 

This is the same as 

^ Ce.i.MPW = 2 (E(- 1 ) |eS ' Hlc ^)p(M- 

The coefficient of g e (WH xJ )) is 

E E(- 1 ) |e< ' Hlc ^.M- 

{h€WJ*|p(/i)=p(g)} i 

The trace of C* (/<?) as a map of Z-modules is 

E E (-1) KH W,M,H = E E {-V WiM ^iM-^-\i,H 
i heWH i heWH 

= \C WH { 9 )\Y,{-^ eiM E Ce,i,k,i,H- 

{k£WH\p(k)=p{g)} 
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□ 



Examples. We use ILemma 7.81 to compute the global Lefschetz numbers for the 
examples in lScction 61 



Example 7.10. The component category of the space in Example 6.9 is equiva- 
lent to a category with one object and with endomorphisms given by Z/2Z. The 
component space functor is equivalent to a single chain complex with an action of 
Z/2Z. This chain complex is free over Z[Z/2Z] with one generator in degree 0, 
called A, and one generator in degree 1, called B. 
If / is the degree 3 endomorphism then 



f*(A) = A U{B) = 2B + B{l m% ). 



The trace of /* is 



'(2[0 Z /2z] + [lz/2z]) + [0z/2z] — — [0z/2z] H — [lz/2z] 



in Z[Z/2Z]. 

The degree 5 map is similar. In that case 



f*(A) = A 



MB) = 35 + 2£(lz/2z) 



The trace of /* is 



-(3[0z/2z] + 2[lz/2z]) + [0z/2z] = — 2[0z/2z] - 2[lz/2z] 



in Z[Z/2Z] 



Example 7.11. The S 2 in Example 6.10 can be decomposed into four 0-cells, six 
1-cells, and four 2-cells. The 0-cells are the north and south pole and the points 
(0, i) and (4) I)- The 1-cells divide S 2 into northern and southern hemispheres 
and eastern and western hemispheres. 

The component category is equivalent to a category with 2 objects. Call these 
objects eti and a,2- The object a\ has a single endomorphism. There is also a single 
map from a 2 to a\. The endomorphisms of a 2 are the group Z/3Z. 

The chain complex of the component space corresponding to a\ is a free abelian 
group in each dimension. It has two generators in degree zero, call these generators 
A\ and A2, and two generators in degree one, call these generators B\ and i?2- The 
generators A\ and A2 correspond to the points (0, |) and (5, 7-). The generators 
B\ and B2 are the 1-cells connecting these 2-cells. 

The chain complex of the component space corresponding to 02 is a free module 
over Z[Z/2Z] in each dimension. It has one generator in degree 0, call this generator 
A3. It has two generators in degree one, call these generators B3 and B4. It has 
two generators in degree two, call these generators C% and C%. We choose all of 
these generators in the northern hemisphere. 

Then 

U(A 1 ) = A 1 f*{A2) = A 2 

U(B l ) = 2B 1 +B 2 f*(B 2 )=B 1 +2B 2 . 

The trace of /* on the component corresponding to a\ is 



-(2 + 2) + (1 + 1) = 



-2. 
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For the generators corresponding to a 2 , 
fM = A 3 

f*(B 3 )=B 3 f*(B 4 )=B 4 

Md) = 2d + C 2 MC 2 ) = d + 2d- 

The trace of /* on the component corresponding to a 2 is 

(2 + 2) - (1 + 1) + 1 = 3. 

The global Lefschetz number is 

-2[0 (z/a z)/(z/2z)] + 3[0 Z/2Z ] + Q[1 Z/2Z ] e Z[(Z/2Z)/(Z/2Z)] © Z[Z/2Z] 



Example 7.12. The global Lefschetz number of the endomorphism in Example 6.12 



can be computed using the same decomposition as the example above. 

The trace of /* on the component corresponding to ai is the same. On a 2 , 

U(A 3 ) = A 3 (l z/ 2z) 

f*(B 3 ) = B 3 (l z / 2 z) f*{Bi) = B±{l%/2z), 

f*(d) = 2Ci(lz/2z) + Cb(lz/2z) f*(C 2 ) — Ci(lz/2z) + 2C 2 (lz/2z)- 
The trace of /* on the component corresponding to 02 is 

(2[lz/2z] + 2[lz/2z]) - ([lz/2z] + [lz/2z]) + [lz/2z]) = 3[lz/2z]- 

The global Lefschetz number is 

-2[0 ( z/2Z)/(z/2Z)] + 0[0 z /2z] + 3[lz/2z] e Z[(Z/2Z)/(Z/2Z)] © Z[Z/2Z]. 

Example 7.13. The component category for the space in Example 6.13| is equiva- 
lent to a category with 3 objects. Call these objects a\, a 2 and a 3 . Objects a\ and 
a 2 each have a single endomorphism. There is also a single map from a 3 to each of 
ai and d2- The endomorphisms of a 3 are the group Z/3Z. 

Decompose this S 2 into two 0-cells, three 1-cells and three 2-cells. The 0-cells 
are the north and south poles. The 1-cells are evenly spaced longitude lines. 

The chain complex of the component space corresponding to a\ is a free abelian 
group with a single generator in degree zero. Call this generator A\. The chain 
complex of the component space corresponding to a 2 is also a free abelian group 
on a single generator, call this generator A 2 . The chain complex corresponding to 
a 3 is a free module over Z[Z/3Z] in each dimension. It has a single generator in 
degree one, call this generator B\, and a single generator in degree two, call this 
generator C\. 

Then 

MAi) = A 1 f*(A 2 )=A 2 
f*(Bi) = B 1 

f*(d) = Ci(2(0z/3z) + (lz/3z) + ( 2 z/3z))- 

The trace of /* corresponding to ai is 1. The trace of /* corresponding to a 2 is 1. 
The trace of /* corresponding to a 3 is 

— (2[0z/3z] + [lz/3z] + [2z/3z]) + [0z/3z] = — [0z/3z] ~ [lz/3ZJ ~ [2z/3z]- 

Let [(Z/3Z)/(Z/3Z),0] and [(Z/3Z)/(Z/3Z), 1] correspond to the north and south 
poles respectively. The global Lefschetz number of / is 

[0(Z/3Z)/(Z/3Z),o] + [0(Z/3Z)/(Z/3Z),l] — [0z/3z] ~ [lz/3z] ~ [2z 

in Z[(Z/3Z)/(Z/3Z),0] © Z[(Z/3Z)/(Z/3Z), 1] ©Z[Z/3Z]. 
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Example 7.14. The component category of T 2 with the action of Z/2Z as in 
|Examplc 6.14| is equivalent to a category with three objects, 01, a%, and 03. Objects 
a\ and 02 each have a single endomorphism. There is a single map from 03 to each 
of ai and 02. The endomorphisms of the object 0,3 are Z/2Z. 

Decompose T 2 using four 0-cells, eight 1-cells and four 2-cells. The 0-cells are 
the points (0,0), (0, |), (|,0), and (5, |). The one cells connect (0,0) and (0, |), 
(0,±) and (0,1), (|,0) and (±,±), (A,±) and (1,1), (0,0) and (1,0), (i,0) and 
(1,0), (0, |) and (I, i), and (±, i) and (1, ±). 

The chain complex associated to ai is a free abelian group in each degree. It has 
two generators in degree 0, call these generators A\ and A 2 , and two generators 
in degree 1, call these generators B\ and B 2 . The chain complex associated to 
ci2 is a free abelian group in each degree. It has two generators in degree 0, call 
these generators A3 and A4, and two generators in degree 1, call these generators 
S3 and B4. The chain complex associated to 03 is a free Z[Z/2Z] module in each 
dimension. It has two generators in degree 1, call these generators B$ and Bq, and 
two generators in degree 2, call these generators C\ and C 2 . 

Then 

/„(j4i) = A fori =1,2,3,4, 

U{B X ) = 2B 1 + B 2 /,(B 2 ) = B x + 2B 2 
/» (B 3 ) = 2B 3 + £4 /* (£4) - B 3 + 2B 4 

/*(£?5) = B 5 }*{Bq) — Bq 

/* (Ci) = 2d + C 2 /* (C 2 ) = Ci + 2C 2 . 
The trace of the component of /* associated to ai is 

-(2 + 2) + (1 + 1) = -2. 

The trace of the component of /» associated to 02 is similar. The trace of the 
component of /» associated to 03 is 

(2 + 2) -(1 + 1) = 2. 

The global Lefschetz number of / is 

_ 2[0( Z /2Z)/(z/2Z),o] H 2[0( Z /2Z)/(Z/2Z),i] + 2[0 z /2z] + 0[l Z /2z] 

in Z[(Z/2Z)/(Z/2Z),0] © Z[(Z/2Z)/(Z/2Z), \] ®Z[Z/2Z]. 



Example 7.15. The component category for the space in |Example 6.15 is equiv- 



alent to a category with seven objects. Denote these objects a^, i = 1, . . . , 7. The 
objects ai and 02 correspond to the points of (S 1 )^, a 3 and 04 correspond to the 
points of (S 1 )( ba \ and 05 and correspond to the points of (S 1 )( ba2 " > . The object 
07 is a point of S 1 . Each object ai, i = 1, ... ,6 has a single endomorphism and 
there are no maps between any of these objects. The object 07 has endomorphisms 
S3 and there is a single map from 07 to each Oj, i = 1, . . . , 6. 

The chain complexes corresponding to each a^, i = 1, ... ,6, are free abelian in 
each degree and have a single generator in degree 0. Let Ai be the generator of 
the chain complex corresponding to a;. The chain complex corresponding to 07 is 
a free ZS3 module in each degree. It has a single generator in degree 0, called A7, 
and a single generator in degree 1, called B. The generator A-j corresponds to the 
point \. The generator B corresponds to the interval [0, g]. 
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Then 

U{A 1 )=A 1 U(A 2 )=A 1 

f*(A 3 )=A 3 f*(A 4 )=A 3 

f*(A 5 ) = A 5 f*(A 6 ) = A 5 
f*(A 7 ) = 

f*(B) = B - B{ba) + B(a) - B(ba 2 ). 

The trace of the component of / corresponding to a\ is 1, that corresponding to a 2 
is 0. The traces for a 3 , 04, 05, and a§ are similar. The trace of the component of 
/ corresponding to 07 is 

-[e-ba + a- ba 2 } + = - [e] - [a] + 2[b] G (S 3 )). 

The global Lefschetz number of / is 

i b s 3 /(b)} + [ba S3 /(ba)} + \ba 2 S3/{ba i ) ] - [e S3 ] - [as 3 ] + 2[bs 3 ] 
in Z[((b)/{b)}} © Z[((ba)/(ba)}} © Z[((ba 2 ) / (fea 2 )))] © Z[(S 3 }}. 

8. Comparison of Lefschetz numbers 

In the previous two sections and in lSection ll we have defined three versions of the 
Lefschetz number. As noted before, the (extended) geometric and global Lefschetz 
numbers described more than fixed points. In this section we will describe how to 
use these invariants to define an invariant that only detects fixed points. We will 
also identify these new invariants with the local Lefschetz number and complete 
the proof of Theorem A from the introduction. 

There is a map 7Tq — > ttq G given by assigning a map 

the trivial G action. This map defines an action of 7Tq on ttq' G . Define a map 

£ : ®B(X) 7T -> 7T 

by £ (Eb(x) c x(H)x(H)j = Eb(x) c x(H)tr(id G/ff+ ). 

The inclusion S° — » ((VKiJ^j)^ as the base point and the identity element defines 
a projection map 

Let 



^0 (<(^*,/». 

n:K s (((nl(G,X)l 



s,G 
7T n 



be the composite 

tt§ A))) + ) -i* ® B (X)7T S ((WH xJ } + ) ® B (X)*& 



s.G 



Definition 8.1. The geometric Lefschetz number of f is the image of the (extended) 
geometric Lefschetz number of / under tt. 

Proposition 8.2. The geometric Lefschetz number of f is the local Lefschetz num- 
ber of f. 

The local Lefschetz number was defined in lSection 11 
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Proof, proposition 6.2| implies the image of the geometric Lcfschctz number in 

®x(K)eB(x)^o is 

Since the map is taut this is the same as 

f< I \WK\ J [V{ )] - 

B(X) \ 11 / 

The image of the geometric Lefschetz number in ttq G is 

\- ( i(f\x*(y)) -i(f\x>K(y)) \ , (rlK , 

^ { \WK\ ) tl(G/K+ >- 

By [501 III. 5. 11], this is the local Lefschetz number. □ 

We can use a similar approach to define the global Lefschetz number. 
Let 1(G) be the set of conjugacy classes of subgroups of G. Define a map 
1(B(X)) -> Z(I(G)) by c x{H) [x{H)] ~ c x{H) {H). Let 

n:IiU f o(G,X)))^Z(I(G)) 

be the composite 

z («n£(G, z {n B{x) (WH XJ )j) — - z (b(x)) — - z (/(G)) . 

Note that 

Trg (((n£(G,X)» + ) -1* e B(x) ^ _ 8/ (G) 7rg > ^ 

s 

zpi£(G,*)> ^W{G)) 

commutes. 

Definition 8.3. The image of the (extended) global Lefschetz number of / under 
7r is the global Lefschetz number of /. 

Then proposition 7.6| implies the following corollary. 

Corollary 8.4. The image of the global Lefschetz number of f under it is 

£ wm tT{c * {fH) ■ c * ( xH > x>H ) - c * {x H ,x >H ))m 

1(G) 1 1 

This description shows the equivariant Lefschetz number coincides with the equi- 
variant Lefschetz class of [21] and the invariant L(f) in [33] . 

IThcorem 7.41 proposition 8.2| and the compatibility of the maps tt imply the 
following theorem. 

Theorem A (Equivariant Lefschetz fixed point theorem). [21] If X is a compact 
G-ENR and f : X — > X is an equivariant map, the global Lefschetz number of f is 
equal to the local Lefschetz number of f. 
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Since the local Lefschetz number of / is zero if / has no fixed points this state- 
ment implies the version of Theorem A from the introduction. 

9. The equivariant universal cover 

In I Sect ion "51 we defined the equivariant component space and proved it was 
dualizable. In Sections [6] and [7] we used this distributor to define the geometric and 
global Lefschetz numbers. We also used this distributor to compare these invariants. 

In this section we define a generalization of the equivariant component space and 
prove that it is dualizable. We will use this distributor to define the geometric and 
global Reidemeister traces and also to compare these invariants. 

If x(H) is an object in the equivariant fundamental category of X, let X*f be 
the universal cover of X^ thought of as homotopy classes of paths that start at 
x(eH). 

If 7 : I — > X K represents an element of Xff and (R a ,w) in a object of 

U(G,X)(x(H),y(K)), 

let (R a , w) o 7 be 

(ja)w(eH). 

This is a path in X H based at x(eH). This composition defines an action of 
U(G,X)(x(H),y(K))onX(y(K)). 

Definition 9.1. [6l 1.10.13] The equivariant universal cover of a G-space X is the 
functor 

X : n(G,X)°P ^Top, 

defined on objects by 

X(x(H))=X». 
The action of morphisms is defined above. 

This functor is the starting point of our definition of the equivariant geometric 
Reidemeister trace. Like in lScction 61 we will modified this functor before we define 
the Reidemeister trace. 

Replace the functor X with the functor 

l:n(G,X)°P^Top, 

defined by 

where X> H — {7 e X^\j(l) e X >H }. The action of a morphism in U(G,X) is 
that induced by the action on X. 

Proposition 9.2. // X is a compact G-ENR then X is dualizable as a right 
II(G, X) -module. 

We first prove a preliminary lemma. 

Lemma 9.3. For each object x(H) in Tl(G,X) X(x(H)) is dualizable as a module 
overIl(G,X){x(H),x(H)). 



Proof. The group II (G, X)(x(H), x(H)) is a discrete group and X(x(H)) is cocom- 
pact. Then [Lemma 5. 4l implies X(x(H)) is Ranicki dualizable. □ 
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Proof of \Proposition 9.% The dual spaces, DX(x(H)), otX(x(H)) from lLcmma 9.31 
assemble to define a functor 

DX:IL{G,X)->Top.. 

The action of morphisms is induced by the action of each of the DX{x(H)). 
The evaluation for the dual pair {X, DX) is a natural transformation 

DX(y(K)) A X(x(H)) -» S n A U(G,X)(y(K), x{H))+. 

If K is not subconjugate to H, U(G, X)(x(H), y{K)) is empty and there is nothing 
to define. If K is subconjugate to H but not conjugate to H, naturality implies 
this map is the constant map. It only remains to consider the case where H and 
K are conjugate. In that case we can use the evaluation defined above. 
The coevaluation is a map 

S n -» B(X,U{G,X),DX). 

The space 

V oh n(G,x)B(X(x(H)),Il(G, X)(x(H),x(H)),DX(x(H))) 

is a subspace of B(X ,H(G, X), DX). The coevaluation is the composite of the 
pinch map S n — > V5 n , the coevaluation maps constructed in ILcmma 9.31 and this 
inclusion. 

Since many of the components of the evaluation map are the constant map, 
checking that the required diagrams commute reduces to checking that each pair 
(X(x(H )), DX(x(H))) is a dual pair. This was checked in lLemma 9.31 □ 

Remark 9.4. For this proposition G does not have to be finite. It is enough that 
X H /WH is a compact ENR for each subgroup H of G as in ILcmma 5.31 

10. The geometric Reidemeister trace 

In this section we will define an equivariant generalization of the Nielsen num- 
ber. The definition of this invariant is primarily motivated by the definition of 
the geometric Reidemeister trace in [211 3.2] and the geometric Lefschetz num- 
ber in ISection 6l A different generalization of the Nielsen number is described in 
IScction T5l 

An equivariant map / : X — > X defines a natural transformation 

/: X -> X®IL f (G,X). 

Where W(G,X) is the II(G, X)-U(G, A)-bimodule defined by 

Uf(G,X)(x(H),y(K)) = U(G, X)(f(y(K)), x(H)). 

Since G\X is dualizable the trace of / is defined. 

Definition 10.1. The (extended) geometric Reidemeister trace of /, '(/), is the 
trace of /. 

The (extended) geometric Reidemeister trace is an element of 

7r s («n/(G,x)» + ). 

It is an invariant of the equivariant homotopy class of /. 
Let 

^(/) : = {v £ AT|there exists k G WG y such that f(y) = yk}. 
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Define a map 

by Q(y) = (R k : G/G y -» G/G y, c f{ y )) where c/( B ) is the constant path at f(y). 
Note that if f(y) — yk — yl then lk~ l fixes y and Rk = Ri- 

Proposition 10.2. If the fixed points of f are isolated, the image of the (extended) 
geometric Reidemeister trace under the isomorphism 

tt* («n/(G,x)» + ) = zrro (((n/(G,x))))) 

is 

^KV^ i(/l ^ 5 ' e " (i?9 ' 7))[i?9 ' 7] - 

The map 9 defines a relation on the fixed points of /. This generalizes the 
standard definition of fixed point classes. We will give other descriptions of this 
relation in lSection 151 

We divide the proof of Proposition 10~2| into several lemmas. 

Lemma 10.3. There is an isomorphism 

(Uf(G,X)))^n x(H)eB{x) (Uf(G,X)(x(H),x(H))}. 
The image of the (extended) geometric Reidemeister trace in 

7r° (§nf(G,X)(x(H),x(H))}) 

is the trace of 

f(x(H)): X(x(H),x(H)) ^ X(x(H), x(H)) O (G, X)(x(H), x(H)). 
Proof. This is completely analogous to ILcmma 6.51 □ 

Lemma 10.4. Let X be a compact G-ENR and f : X — > X be an equivariant map. 
There is an open neighborhood U of the fixed points of f and a G-map 

i:U^A f G X := { 7 e X'|/( 7 (0)) =7(1)} 
such that l(x)(0) = x, i(x)(l) — f{x) and if f(x) — x then i{x)(t) = x for allt G /. 

Proof. This is a modification of the proof in [U II. 5.1]. 
Since X is a G-ENR there are equivariant maps 

X^-^W X 

where W is an open invariant subset of a G-representation and r o i = idx ■ Let 
V C X x X be the points (x,y) where the line segment between i{x) and i{y) is 
contained in W . Note that the diagonal of X is in V and that (gx, gy) € V for all 
<f- Gi: :,-.,/;• I . 
Define a G-map 

H: V x I -> X 
by H(x, y, t) = r((l - t)i{x) + ti(y)). Then 

U = {xeX\(xJ(x))eV} 
and i(x)(t) = H(x,f(x),t). □ 
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Using the open set U of this lemma and the open sets U g of |Proposition 0.4} for 
each (x,H) and group element g £ WH, there are open sets V g G Xh/WH such 
that the fixed points of fjj /WH are contained in the union of the sets V g and there 
is a map 

a: UV g ^(Uf(G,X)(x(H),x(H)))) 

defined by a(x) — (R g , t(x)) if x G V g and x is any lift of x to X. 
If x € <?(/), then 9(x) = a(x). 

Lemma 10.5. TTie image of the (extended) geometric Reidemeister trace in 

n s {IL f (G, X)(x{H), x(H)))) - I(U f (G, X)(x(H), x{H)))) 

is 

i (f\cc-HR h ,<T)) [(Rh,o)]- 

(nf(G,X)))(x(H),x(H)) 

Proof. This is analogous to the proof of proposition 6.2] We use the notation of 
ILcmma 5.41 Using ILcmma 10.31 we can restrict to the case of a free action except 
at a fixed base point. 
Let 

U = {n € N \ *\(n, f/G{r(n)) G r*}. 
If n G U let n be a lift of r{n) to X. There is an element g G G and a path Co in X 
from f(h) to ng such that Co projects to the path to defined in ILcmma 5.41 Choose 
a lift h of n to X and a path r from the base point * of X to /(*). We think of n 
as a path in X from * to h. 

Note that (R g , (n^ 1 g)ui f (n)r) is an object of H(G,X) such that 

« (#9) in" 1 g)u) f {n)T) = (ng){n~ 1 g)Cof(n)T = uif(n)T. 

This implies ^(t) = (D|[o ] t]/(rl)r is a path in X from /(n) to n(R g , (h -1 g)Co f (n)T) . 
The trace of / is the composite 

(V,V\0) 

u 

(v,k\s) — >(y,(v\x/L)\j*) 

u 

([/, C/ \ X/L) (V, V \ 0) A((lU(G, X) + » 

where T(n) = (n — (/ /G(r(n)), (R g , (n^ 1 g)ui f (n)r)) . The first component is the 
noncquivariant index in X/G. If x G IIV^, the second component agrees with the 
map a. In this case b(n) — Co and 

{R g \n- x g)Cof(n)r) 

is identified with (R g , Co) in ((iU (G, X)}} □ 
Lemma 10.6. For f as above, 

Proof. This is similar to the proof of ILcmma 6.81 □ 
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Examples. We use proposition 10.2 to compute the (extended) geometric Reide- 
meister traces for the examples in ISection 6l We use proposition 11.5] to compute 

Example 10.7. For the space and degree three endomorphism in |Example 6.9| 

((n^(z/2Z,^ 1 ))) 

consists of two elements. If 70 is the constant path at and Jx(t) — % then 
[0z/2Zj7o] an d [lz/2Z>7i] represent these elements. Then 

0(o)=e G) = [° z /«>^]' 

eQ)=e(|)=[iz/2z,7i]. 

The indices were computed above, and so the extended geometric Reidemeister 
trace of this endomorphism is 

-[O z/2Z ,7o] + -[lz/2Z,7i] G Z((n^(Z/2Z,5 1 ))). 
For the degree five endomorphism, the set 

((n^(z/2Z,5 1 ))) 

consists of four elements. If paths ji are defined by 4 for i = 0,1,2,3, Then 
[Oz/2Z,7o], [0z/2Z,72], [lz/2Z,7i]> and [lz/2Z>73] represent these four elements. In 
this case, 

9(0) = ©Q) =[Oz/2Z,7o], 
9 (l) =6 (l) =[0z / 2Z ' 72] ' 

eQ) =©(0 =[i z / 2Z ,7i], 

©(g) =©(§) =[1 Z /2Z,73]. 

The indices were computed above, and so the geometric Reidemeister trace of this 
endomorphism is 

-[Oz/2Z)7o] ~ [1z/2Zi7i] ~ [0 Z /2Z,72] - [lz/2Z»7s] G Z((n / (Z/2Z,S' 1 ))}. 
Example 10.8. For the space and endomorphism in |Examplc 6.10| 

(Uf(Z/2Z,S 2 ))) 

consists of four elements. Let 70 be the constant path in S 1 based at 0, 71 be the 
path in S 1 defined by 71 (i) = t, 72 be the constant path at a point of S 2 7 and 73 
be a path in S 2 from a point itoi-1. Then [0 (z / 2 z)/(z/2Z), 7oL [0(z/2Z)/(z/2Z), 7iL 
[0z/2Z,72] and [1 Z /2Z,73] represent the elements of ((iI / (Z/2Z, S 2 ))). 
Then 

© (^'2) = [°(Z/2Z)/(Z/2Z)>7o]i 

(2' 2) = [°( Z / 2Z )/( Z / 2Z )' 71 ] 

e(t,o) = e(i,t) = [o z/2 z,72]- 
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Since the index was computed above, the geometric Reidemeister trace of this 
endomorphism is 

— [0(z/2Z)/(z/2Z))7o] - [0(z/2Z)/(z/2Z))7i] +3[0 z/2 z,72] S Z^II^ (Z/2Z, S 2 ))). 

Example 10.9. The geometric Reidemeister trace of the space in |Example 6.12| is 
similar to the example above. In this case 

e(t,o) = e(M) = [i z/2Z ,7 3 ]. 

The geometric Reidemeister trace is 

— [0(Z/2Z)/(Z/2Z))7o] - [0(Z/2Z)/(Z/2Z))7l] +3[lz/2Z,73] G Z((IF(Z/2Z, S 2 )}. 

Example 10.10. For the space and endomorphism in |Examplc 6.13| the geometric 
Lefschetz number and the geometric Reidemeister trace are the same. 

Example 10.11. Define paths in T 2 by 

7o,o(*) = (0,0), 70,1 (t) = (i,0), 7 i,oW - , 7 i,iW = U\ 

a(t) = (Q,t),a h (t) = (o,i + ^\,as(t)= (o, | + ^ 

For the space and endomorphism in |Example 6.14| there are twelve elements in 

«n/(Z/2Z,T 2 )}}. 

They are represented by 

[0(Z/2Z)/(Z/2Z),70,o] [0(Z/2Z)/(Z/2Z),70,l] [0(Z/2Z)/(Z/2Z),7|,o] [0(Z/2Z)/(Z/2Z)!7i,l] 

[0z/2Z,7o,o,7o,o] [0z/2z,7o,o,ai] [0z/2Z, 7o,i, 7o,o] [Qz/2Z, 7o,i, «i] 

[lz/2Z,7o,o,ai] [lz/2Z,7o,o,a|] [lz/2Zj 7o,i> «i] [lz/2Z, 7o,i, "§] 

Then 

6(0,0) = [0( Z /2z)/(z/2Z))7o,o] © \h®) = [0(z/2Z)/(z/2Z))7o,i] 

6(0, |) = [Q(Z/2Z)/(Z/2Z),7i,o] (il) = [0(Z/2Z)/(Z/2Z),7i,l] 

6 (o, ^ = 6 (o, ^ = [0 Z /2Z, 7o,o, 7 o,o] 



9 Q'i) = 9 Q'l) = [° z / 2Z ' 7 5. ' 7o '°]- 



The geometric Reidemeister trace of / is 

-[0(Z/2Z)/(Z/2Z), 70,o]-[0(Z/2Z)/(Z/2Z),70,l]-[0(Z/2Z)/(Z/2Z),7i,o] _ [0(Z/2Z)/(Z/2Z), 7 I,l] 

+ [0z/2Z, 7o,o, 7o,o] + [0z/2Z, 7i,o> 7o,o] 

in Z((II(Z/2Z, T' 2 )}. 

Example 10.12. Define paths in S 1 by 

ai(i) = i ai(f) = § ai(*) = | 

<*§(*) = | <*§(*) = § 
/?(*) = ! 

ji(t):=it 2 = 0,1,2,3,4 
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For the space and endomorphism in |Examplc 6. 15] there are thirteen elements in 
(Ilf (S" 3 , S 1 ))). They are represented by 

[es 3 /<6),7o] [e S3 /(&),ai] [es 3 /(ab), «i] [es 3 /(ab) , a§] 
[es 3 /(a2fc),ai] [es 3 /<o 2 b),a|] 

[es 3 , 7o] 
[as s ,0\ 

[bs 3 ,7o] [bs 3 ,7i] [bs 3 ,j2] [bs 3 ,l3] [&s 3 ,74] 



Then 



©(O) = [es 3 /<b>,7o] 
9 (l) = i e s 3 /(an),ai] 
e (!) = [ e s 3 /<afc},a§] 

© (£) = © (i) = © (if ) = 
0(1) =0(1) = [^3,73] 

The indices of 0, |, |, ||, are — 1- The indices of j|, i|, A|, and || are 
1. Then the geometric Reidemeister trace of / is 

[ e s 3 /(&),7o] + e S3/{a 2 b) ,ai + e S3 / (ab) ,a.2 - [es 3 , 7o] - [as 3 , 0] + [bs 3 , 7i] + [ & s 3 , 73]- 

11. The global Reidemeister trace 

In this section we will define a generalization of the classical global Lefschetz 
number that corresponds to the geometric Reidemeister trace. This invariant is an 
equivariant generalization of the classical invariant defined in [llj . 

Let Zn(G, X) be the category with the same objects as U(G,X) and let 

ZU(G,X)(x(H),y(K)) 

be the free abelian group on n(G, X)(x(H), y(K)). Define a right ZH(G, X) module 
C(X) by _ 

C(X)(x(H)) = C*(X?,X>»). 
There is an induced action of H(G, X) on C(X). 

Lemma 11.1. If X is a finite G-CW complex, C(X) is dualizable as a distributor 
over ZU(G,X). 

Proof. Like lLemma 7.1l this lemma follows from |Proposition 9.2| and |Proposition 2.6| 



or, more directly, from Corollary 3.8 □ 
An equivariant map 

f-X^X 

induces a natural transformation 

/*: C*(X) -► C,(X) 0Zn / (G,X). 
Here ZW(G,X) is the ZU(G, X)-ZU(G, X)-bimodule defined on objects by 
Znf(G, X)(x(H),y(K)) = ZH(G, X)(f(y(K)), x{H)). 
Since C(X) is dualizable the trace of / is defined. 
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Definition 11.2. The (extended) global Reidemeister trace of /, Stf 9 (/), is the 
trace of /. 

Proposition 11.3. The cellular chain complex functor defines an isomorphism 
and under this isomorphism '(f) = 2% 9 (/). 

Proof. The (extended) geometric Reidemeister trace is the trace of 

X— f -^XQUf{G,X) . 
The (extended) global Reidemeister trace is the trace of 

c ( f ) 

C,(X) — '-+C,(X®ILf(G,X)) ^— C,(X) Qllf(G,X) ■ 

Proposition To] implies M 9 (/) = <f 9 ' (/) . □ 

Like in the previous sections, we can give another description of this invariant. 

lix(H) is an element of B(X), let x denote x(eH). For each a: (if) € B(X) choose 
a a path r in X H from x to f(x). For k E WH and x E X H , let tti(X h , x, xk) 
be the homotopy classes of paths, with end points fixed, from x to xk. Define an 
equivalence relation on %i (X H , x, xk) by a ~ (3 if there is a group element h such 
that k = h _1 kh and a path 7 from x to xh in X ff such that /3 is homotopic to 

(11.4) ( 7 - 1 fc)(^)(r- 1 / l )/( 7 )r 

in X ^ with endpoints fixed. 

Let(\iri(X H , /c)^denote 7Ti(JT ff , a;, a; A;) modulo this relation. Let (iri(X H )} denote 
the usual semiconjugacy classes of iri(X H ) with respect to the map induced by f H . 
For each k such that x and xk are in the same connected component of X H , there 
is a map 

q-.iMX 11 )}^^ 11 ,^ 

defined by composing with a fixed path from xk to x. In many cases this map is 
not an isomorphism. Let <] 11^ (G, X)\) denote 

The map q defines a map 

q :(n 1 (X?)}^^f(G,X)<) 

for each cc(i?) E B{X). 

Proposition 11.5. There is an isomorphism 

5:(nf(G,X\->4IL'(G,X)). 
The image of the (extended) global Reidemeister trace in \tt\(X^ , k)§ is 
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The trace tr^fx 11 ) is the Hattori-Stallings trace. We divide the proof of this 
proposition into several lemmas. 
Recall the isomorphism 

m f (G, X)} -» ® x{H)eB(x) m S {G, X)(x(H), x(H))} 

of lLcmma 10.31 

Lemma 11.6. The image of the (extended) global Reidemeister trace in 

(U f (G,X)(x(H),x(H))} 

is 

In this lemma and in lLcmma 11.8l we use the superscript / to indicate the action 
of the category II(G, X) on the target of this morphism is twisted by / as before. 

Proof. This is analogous to ILemma 7.71 □ 

Since the proofs of the following two lemmas are not difficult, but the notation 
is complicated, we only include an outline here. 

Lemma 11.7. There is an isomorphism 

S:(Ilf(G,X)} + ^<\nf(G,Xn 

Proof. Define a map 

T II II MX H ,x,xk)^ ]J U(G,X)(f(y(K)),y(K)))) 

B i X )k4WH x j} y{K)eobn(G,X) 

by T(a) — (Rk'. G/H — > G/H^ar^ 1 ) for a S tt\{X h , x, xk). The equivalence 
relations that define \W (G, X)) and ((II^(G, X)} are compatible, and so T induces 
a map 

If (j) is a path from f(y) to ym, define a map 

¥: U n(G,Jr)(/(i/(A-)),y(JiO))-» II II *i(*V,**0 

y(K)eobn(G,X) B(X) ^(iv^ f }} 

by 

*(i? m : G/K -> G/K,4>) := [a' 1 k){<p3) f {&) G 7Ti(Jf ff , x, xfc) 

where j 6 Wi? satisfies j~ 1 mj — k and er is any path in X ff from a; G B(X) to yj. 
It is not hard to show \& induces a well defined map 

*:((n/(G,X)))^^(G,X)[>. 

The induced maps T and ^ define an isomorphism between ((rF(G, X)} and 
{n/ (G,X)}. □ 

Lemma 11.8. For f as above, the image of 

trn(G,x ){x (H)MH)) (C* (f H ) ■■ C* (x£ ,xf H ) - C, -Xp)') 
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mU\TT 1 (X H ,g)\)is 

q ( \cwH{9)\ trz * i(xH] ( c *^9)-c, (x§,xf H ) - a (x*,x>zyy) . 

Proof. The proof of this lemma is very similar to the proof of lLcmma 7.91 □ 

Examples. We use the cellular decompositions described in lSection 71 to compute 
the global Lefschetz numbers for the examples in lSection 61 The cellular structure 
of the universal cover is induced from that in the base by choosing a lift of one of 
the zero cells. 

Example 11.9. For the space and degree three endomorphism in |Examplc 6.9| let 
7o be the constant loop at zero, 7 be the loop j(t) = t, and 71 (t) = |. Then 

f*(A)=A 

/.(B) = B + B(1 Z/2Z , 71) + S(0 Z/2Z , 7). 

The trace of /* is 

-(1 + [lz/2Z,7l] + [0z/2Z,7]) + 1 = -[lz/2Zi7i] - [0z/2z,7]- 

In the shadow [0^/2Zj7] is identified with [Oz/2Z>7o]- 
For the degree five endomorphism 

/.(B) = B + B(1 Z/2Z , 7i) + B(0 Z/2Z , 7) + B(1 Z/2Z , 717) + B(0 Z/2Z , 7 2 )- 
The trace of /» is 

-(1 + [1Z/2Z, 7l] + [0z/2Z, 7] + [1Z/2Z, 717] + [0z/2Z, J 2 }) + 1 

In the shadow this is identified with 

-[lz/2Z,7i] ~ [0z/2z>7] _ [1z/2Zj7i7] _ [0z/2Z,7 2 ]- 

Example 11.10. For the space and endomorphism in |Examplc 6.10| let 70 be 

constant path at (0, |) and let 71 (t) — (t, |). 

The fundamental category is equivalent to a category with two objects corre- 
sponding to the two objects of the component category. Call these objects a\ and 
a 2 . On a 2 , the global Reidemeister trace is the same as the global Lefschetz number. 
For 01, 

f*(Ai) = Ai(0(z/2Z)/(Z/2Z)j7o) f*{Az) = A2(0(z/2Z)/(Z/2Z),7l) 
f*{B\) = fll(0(z/2Z)/(Z/2Z)j7o) + -B 2 (0(z/2Z)/(Z/2Z),7o) +-Si(0(z/2Z)/(Z/2Z))7l) 
/*(B 2 ) = B2(0(z/2Z)/(Z/2Z)j7l) + Sl(0( Z( /2Z)/(Z/2Z)j7l) + ^2(0(z/2Z)/(Z/2Z))7l)- 

The trace of the component of / corresponding to a\ is 

— ([0(Z/2Z)/(Z/2Z)> 7o] + [0(Z/2Z)/(Z/2Z)i 7l] + [0(Z/2Z)/(Z/2Z) , 7l] + [0(Z/2Z)/(Z/2Z), 7l]) + 
([0(Z/2Z)/(Z/2Z),7o] + [0(Z/2Z)/(Z/2Z))7l]) 
= -[0(Z/2Z)/(Z/2Z)i7l] _ [0(Z/2Z)/(Z/2Z)i7l]- 

In the shadow [7^] is identified with 70. 

If 72 is the constant path at some point of S 2 , the global Reidemeister trace of 
this endomorphism is 

-[0(Z/2Z)/(Z/2Z),7o] - [0(Z/2Z)/(Z/2Z)j7l] + 3[0(Z/2Z)/(Z/2Z),72] 
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Example 11.11. The fundamental category of the space in |Example 6. 12| is equiv- 
alent to a category with two objects, a\ and a 2 - On ai, the global Reidemeister 
trace is the same as the previous example. On a 2 , the global Lefschetz number is 
the same as the global Reidemeister trace. 

Example 11.12. The global Reidemeister trace for the space and endomorphism 
in 



Example 6.13 is the same as the global Lefschetz number. 



Example 11.13. Let 

70,0 W = (0,0), 70,1 (t) = (i,0) 
be paths in T 2 . For the space and endomorphism in |Example 6.14] 

f*{A\) = ^l(0(Z/2Z)/(Z/2Z)>70,o) f»{A.2) = ^.2(0(z/2Z)/(Z/2Z))70,l) 
/*(^3) = ^3(0(z/2Z)/(Z/2Z):70,o) f*{M) = At(0(z/2Z)/(Z/2Z)) 7o,l) 

f*(Bl) — £i(0(z/2Z)/(Z/2Z))70,o) + ^2(0(Z/2Z)/(Z/2Z))70,o) + Si(0(z/2Z)/(Z/2Z))70,l) 
f*{B 2 ) = S2(0(Z/2Z)/(Z/2Z)i70,l) + Sl(0(z/2Z)/(Z/2Z)i7o,l) + - B 2(0(Z/2Z)/(Z/2Z),7o,l) 
f*(B 3 ) = i?3(0(z/2Z)/(Z/2Z), 70,o) + £?4(0(z/2Z)/(Z/2Z),70,o) + #3(0(Z/2Z)/(Z/2Z) , 70,l) 
f*(Bi) = B4(0(z/2Z)/(Z/2Z),70,l) + ^3(0(z/2Z)/(Z/2Z),70,l) + ^4(0(z/2Z)/(Z/2Z),7o,l) 

/*(5 5 ) = B5(0 z /2Z,7o,o) f*(B e ) = -S 6 (0 z/2Z ,7o,i) 

/*(Ci) = Ci(0 z /2z,7o : o) + C2(0z/2Z,7o,o) + Ci(Oz/2Z,7o,i) 
/*(C 2 ) = C 2 (0 z /2z,7o : i) + Ci(Oz/2Z,7o,i) + C 2 (0 Z /2Z, 7o,i)- 
The trace of / corresponding to a\ is 

_ ([0(Z/2Z)/(Z/2Z), 70,o] + [0(z/2Z)/(Z/2Z): 70,l] + [0(z/2Z)/(Z/2Z)7 70,l] + [0(z/2Z)/(Z/2Z), 7o,i 
+ ([0(Z/2Z)/(Z/2Z),70,o] + [0(z/2Z)/(Z/2Z)i70,l]) 
= — [0(Z/2Z)/(Z/2Z)j70,l] - [0(Z/2Z)/(Z/2Z),7o,l]- 

The trace of / corresponding to a 2 is 

— [0(Z/2Z)/(Z/2Z),70,l] - [0(Z/2Z)/(Z/2Z))7o,l]- 

The trace of / corresponding to 03 is 

([0z/2Z> 7o,o] + [0z/2Z, 7o,i] + [0z/2Z, 7o,i] + [0z/2Z, 7o,il) ~ ([0z/2Z, 7o,o] + [0z/2Z 5 70,l])- 
This is [Oz/2z,7o,i] + [0z/2z, 7o,i]- 

Example 11.14. The computation of the global Reidemeister trace for the endo- 
morphism in |Examplc 6.15| is the similar to the computation of the global Lefschetz 
number. Let 

a±(t) = \ ai{t) = \ ai{t) = \ 
Q!|(t) = | «$(*) = I 

m 



Then 



3 

~ii(t):=it i = 0,1,2,3,4 



= Ai(e S3/(b) ,7o) f*{A 2 ) = Ai(e S 3/{f,),7o) 

f*(A 3 ) = A 3 (e S3/{ba) ,ai) f*(A 4 ) = A 3 (e S3/{ba) , ai) 

f*(A 5 ) = A 5 (es 3 /(b a 2),o>i) f*(A 6 ) = A 5 (e S3 /( ba 2),ai) 
UA 7 ) = 
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/* (B) = B(e Sa , 70) - B(bas 3 ,«>) + B{a S3 , /3) - B(ba 2 S3 , a 1 ). 
The trace of /* is 

( I e s 3 / <b> . 7o] + [es 3 / <6q) >« ± ] + [ e s 3 / (ba^ >, a 1 ])-( [es 3 , 70] - [6a S3 , a 1 ] + [as 3 , 0\ - [6a| 3 ,ai]) 

In the shadow [bas 3 ,oti] is identified with [&s 3 , 7 i] and [6a| 3 ,ai] is identified 
with [653,73]. 

12. The local Reidemeister trace 

In this section we will define the refinement of the local Lefschetz number. Like 
the invariants in the previous two sections, the primary difference between the local 
Reidemeister trace and the local Lefschetz number it that the local Reidemeister 
trace includes information about the fundamental group. Unlike the other versions 
of the Reidemeister trace, the local Reidemeister trace is not defined using the 
isotropy subspaces. This invariant is defined, like the local Lefschetz number, using 
the equivariant stable homotopy category. 

Lemma 12.1. Suppose X is a closed smooth G-manifold that embeds in a G- 
representation V with normal bundle v . Then 

((P(X),s) + ,T x s*Sn 

is a dual pair. 

The space S v is the fiberwise one point compactification of v. It is an ex-space 
over X with projection given by the map v — > X. The parametrized space Txs* S u 
is defined to be 

L(TX,tx s) + 0S". 
There is a similar statement for G-ENR's. 

Proof. Note that (V(X),s) + = S% R(VX,tx s)+. 

[Proposition 16. 4| implies that (S 1 ^-, S v ) is a dual pair. Composing this dual pair 
with the dual pair 

(R(V(X) txs)+,L(V (X), t x s)+) 
from ILcmma 4.51 as described in ILemma 2.31 gives the dual pair in the lemma. □ 

Let / : X — > X be a G-map. Then / induces a map of spaces 

/: V(X)^T(X). 

Note that 

t x s ( 7 , «) = ( 7 ( u ), 7 (0)) ± t x s(/( 7 , «)) = (fh(u)), /( 7 (0))). 

So / is not a map of ex-spaces. Let 

V s X := {(j,u,x) EVXx X\j(Q) = f(x)}. 

This is a space over X x X via the map txs: V i ' X — > X x X where s( 7 , u,x) = x 
and ^(7, u, x) = j(u). Then 

/: (VX,s)+ -» (VX,s)+Q(V f X,tx) + . 

is a map of right (VX,t x s) + -modules. 

Since (VX, s)+ is dualizable, the trace if / is defined. 

Definition 12.2. The local Reidemeister trace of /, M '(f), is the trace of /. 
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The invariant M l (f) is an element of 7Tq' G (^[(V^X,t x s) + ))V Like the invari- 
ants we have already defined, the local Reidemeister trace is an invariant of the 
equi variant homotopy class of /. 

Let AqX := {a e X 7 |a(0) = /(a(l))}. Composition of paths defines an equi- 
variant map from {(V^X, t x s) , )) to A G X and this induces a map 



^:,f (f(^I,tx s ) + )))^,f ((A^ 



A(x) 



, G X 

The decomposition in lThcorcm 13.31 can be used to show \x is an isomorphism. 

For an equivariant map / : X — > X and an open subset U of X there is an 
equivariant map 

A : X + —* (U/ dU) A X + 

defined by 

(x, x) if x € U 
* if x U 

Lemma 12.3. The local Reidemeister trace of an equivariant map 

I:X^X 

is the equivariant stable homotopy class of the map 

g-V^V A (U/dU) -^S^A A G X + . 

The subspace U and map i were defined in lLcmma 10.41 In this lemma we have 

used the isomorphism // above to identify ttq G ({{V^X, (xs) and tt^' G f (^A G X^ 

This map is the equivariant generalization of the Nielsen-Reidemeister index 
defined in [1 p. 207]. 

Proof. We can compare these maps explicitly. 
Let 

X- S v -^Tv 

be the equivariant Pontryagin-Thom map of the normal bundle of M embedded in 
some representation V. Let 

e: Tv A M + -> S v 

be the evaluation for the dual pair (M + ,Tu). 

Then the local Reidemeister trace is the stable homotopy class of the map 

S v Tv (V(X), s)+ T x a*S» ^ (V f (X), s) + Q T x s*S» — s- s v A A G X. 

The image of a element v G S under this map is 

(e(x(«)> fPX(v)), H(px(v), fpx(v)))) 

where p is the quotient map v — > X and H is as in ILcmma 10.41 
The image of v £ S under transfer of / is 

(t(x(v),fpx(v)),px{v))- 

The image of v 6 S v under 

sV ^M s v A {u/du) A A G X. 
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is (e(x(v),fpx(v)),i(px(v))). □ 

13. Comparison of Reidemeister traces 

In the previous three sections we have defined three versions of the Reidemeister 
trace. The first two versions, the geometric and global Reidemeister traces, detect 
fixed orbits in addition to fixed points. The third version, the local Reidemeis- 
ter trace, only detects fixed points. In this section we will define geometric and 
global Reidemeister traces that only detect fixed points. We will also identify these 
invariants with the local Reidemeister trace. 

The space Aq(X) = {76 X I \f(-f(0)) = 7(1)} has an action of G defined using 
the action of G on X . The map 

© ((k£ H x H ) /wh) -+«n'(G,x)» 

defined by 7 ^ (R e , [7]), where [7] denotes the equivalence class of 7, induces a 
map 

tt: 7Tq ($l f (G,X)}) - ©ttJ (kf"x H /WH) . 

Definition 13.1. The geometric Reidemeister trace of /, ^ 9 (f), is the image of 
the (extended) geometric Reidemeister trace of / under n. 

The following corollary is a consequence of proposition 1072] 

Corollary 13.2. For an equivariant map f : X — » X the geometric Reidemeister 
trace of f is 

2 T^i(f\x»,&- l (Re,7))[Re,rt 

For a G-space Y, define a map 

Z H :ir (Y H /WH)^w s > G (Y) 

by = f*(tT A (G/H+)). We identify / e n (Y H /WH) with a G-map G/H -> 

Y. 

Theorem 13.3. [3 III.8.13.7] For a G-space Y the map 

t ■= ®£h : Z (©tto (Y H /WH)) -> 7r^' G (y) 

is an isomorphism. 

Proposition 13.4. TTie image of the geometric Reidemeister trace under the iso- 
morphism 

in \Theorem 13.3\ is the local Reidemeister trace. 

Proof. |Corollary 13. 2| implies the geometric Reidemeister trace is 

(r^jf^f\x«na-HR e , y ))j [(Re, 7)]- 

Then £ applied to the geometric Reidemeister trace is 
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Since / is taut, we can use ILcmma 10.41 to find an open set Vh in X H that 
contains the fixed points of fn and a map 

l: V H ^A f WH X H 

such that t(x)(0) = x, l(x)(1) — f(x), and b(x)(t) = x if x = f{x). The map 
(R e , 7) : G/H — > A-^X factors as an inclusion 



CRe,7): G/H ^ llVg 

followed by the map 1. 

The image of the geometric Reidemeister trace in ttq (AqX + ) is then 

L * (E ( JWW-Mx^na-HR^))) (I^)»(tr A (G/ J ff + )) 



]WH\ 

Then [H III.8.4] identifies 

E (y^*(/U^n«- 1( « e ,7))) (^7)*(tr A (G/ J ff + )) 

with the transfer of /. □ 

We can use a similar approach to define the global Reidemeister trace. 
The inclusion 

^ x( H)eB ( xpi (X H , e) ) - (G, X)}} 

induces a map 

tt: Zpl£(G, *)))-> Z (U. ( H) eB (x)^i(^ H ,e)^ . 
This is compatible with the map 7r above. 

Definition 13.5. The global Reidemeister trace of /, t% gl (f), is the image of the 
(extended) global Reidemeister trace under tt. 

The following corollary is a consequence of proposition 1L3| 

Corollary 13.6. There is an isomorphism 

Zir (A f " X H /WH) *i'LW\-K 1 (X H ,x)). 
Under this isomorphism & 9 (f) — <3? s (/). 

The following corollary is a consequence of proposition 11~5| 
Corollary 13.7. The global Reidemeister trace of f is 

£ q (wm tr ^ H ) (( c > (/) : c * (x 5 ,*^) - c * (^>^)))) 

x(H)£B(X) Vl 1 ' 

This is the definition of the generalized Lefschetz number in [3TJ 5.4]. 
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14. The converse to the equivariant Lefschetz fixed point theorem 

Fadell and Wong, |9], and Wilczynski, [33], have given proofs of the converse to 
the equivariant Lefschetz fixed point theorem. Here we describe the outline of an 
alternative proof due to Klein and Williams. See [15] for a complete proof. The 
results of this section and the previous section complete the proof of Theorem B. 

We choose to use this proof to complete our approach to the equivariant converse 
since it easily generalizes and is very compatible with our definition of the local 
Reidemeister trace. 

Theorem 14.1. If X is a closed smooth G-manifold such that 

dim(X H ) > 3 and dim(X H ) < dim(X K ) - 2 

for all subgroups K C H of G that are isotropy groups of X , the local Reidemeister 
trace of 

f-X^X 

is zero if and only if f is equivariantly homotopic to a map with no fixed points. 

Let X be a closed smooth G-manifold and / : X — > X be an equivariant map. 
Let Tf-.X^XxXbe the graph of / and A C X x X be the diagonal. Factor 
the inclusion map i:XxI\A^IxIas 

X x X \ A N G (i) — X x X 

where the first map is an equivariant homotopy equivalence and r G {i) is an equi- 
variant Hurewicz fibration. 

The unreduced fiberwise suspension of (Tf)^r G (i) ■ (Tf)*N G (i) — » X is the dou- 
ble mapping cylinder 

S x ((T f )*N G (i)) :=Xx {0} U p ((T f ).N G (i) x [0, 1]) U p X x {1}. 

This is a space over X and there are two sections a%, 02 : X — > S X (T f)*N(f) given 
by the inclusion of X x {0} and X x {1}. 

If Z and W are ex-G-spaces over X let {Z, W}g,x be the fiberwise equivariant 
stable homotopy classes of maps from Z to W. 

Proposition 14.2. [TS] Corollary F] Assume dim(X H ) > 3 and dim(X H ) < 
dim(A^) — 2 for all isotropy subgroups K C H of X . An equivariant map /: X — > 
X is equivariantly homotopic to a map with no fixed points if and only if 

<7iU<J2 e{SSc,S x (Tf) 9 N(i)}a,x 

is the trivial element. 

The proof of this proposition relics primarily on connectivity and dimension 
conditions that imply the unstable question of finding a fixed point free map can 
be identified with a stable question. To complete the proof of lTheorem 14.ll we 
need to identify the class of a\ ]J 02 with the local Reidemeister trace. 

Proposition 14.3. There is a isomorphism 

{S x ,S x (T f )*N(i)} G>x ^n s ' G (AfX). 

There are two steps in this proposition. The first is to give a different description 
of S X (T f)*N(i). The second step is an application of Costenoble-Waner duality, 
IDefinition lTl 

Let r denote the equivariant tangent bundle of X . 
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Lemma 14.4. 15, 7.1] There is an equivariant fiberwise weak equivalence 
S XxX N(X x X - A) -> A\S T M (VX,t x s)+ 

over X x X . 

Recall that is the bicategory composition in the bicategory of parametrized 
G-spaces. 

The tangent space of X can be identified with the normal bundle of the embed- 
ding of X in X x X as the diagonal. Using this identification, a point in the tangent 
space corresponds to a point in a tubular neighborhood of the diagonal in X x X. 
The image of 

<7iH<7 2 : S° x -» S x (r f ).N(f) 

under the equivalence 

S x (T f )*N(f) -> (I7)»(A,S T El (TX,t x s)+) 

is 

x i-> ((x,/(x)),i(a;)). 

The path l is defined in lLemma 10.41 

Using this weak equivalence we have an isomorphism 

{S° x , S x (T f ),N(i)} G>x - {S° x , (TfUA^ B (VX,t x s) + )} G , x . 

Applying Costenoble-Waner duality, |Proposition 16.31 an d observing that the sum 
of the normal bundle and tangent bundle of X is the trivial bundle we get an 
isomorphism 

{S° x , (r f )*(A { S T H (VX,tx S )+)} G ,x S < g (A/X). 
The image of <7i ]J 02 under this isomorphism is the map 

s v TV -^t 5" 81 (A,5 T ) 81 (Tf).{PX,tx s)+ S v A (T f ),(VX,t x s) 

The map x is the Pontryagin-Thom map for the embedding of X in V . If p : z/ — > M 
is the projection map, A A i takes v € Tv to 

{v,{p{v)J{p{v))),i{p{v))). 

If e is the evaluation for the dual pair in [Proposition 1.5( the image of 

(v,p(v),f(p(v)),i(p{v))) 

iii 

S v A {T f )4VX,tx s)+ 

is (e(f(p(v)),v),i(p(v))). 

Proposition 14.5. If X is a compact smooth G-manifold and f: X — > X is an 

equivariant map, the image of 

(ri]Ja 2 e {S x ,S x (r f )*N(f)} G<x 

in 

n^ G (AfX + ) 

is the local Reidemeister trace. 
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Proof. Let <fic be the weak equivalence of lLemma 14.41 Let F be stabilization and 
D be the isomorphism that defines Costenoble-Waner duality, proposition 16.3] 
Then the following diagram of isomorphisms commutes. 



[S° x ,S x f*N G (X xX -A)] x - 

F 

{S x ,S x f*N G (XxX-A)} x 

D 

{S v , S x H S x f*N G (X xX- A)V- 



\A*X 



+\x 



4>G* 



+ [S X ,A,S T 
^{S° x ,A^^AfX + } x 

D 

{S v , s x m A,S TG M A*X + } 



a 



The image of o\ ]J 01 in the bottom right corner is the map 

S v — > S v A A f X + 

defined by 

v (e(/(Kx( , w))),x(w)),iO(x(«))))- 
ILcmma 12.31 implies this is the local Reidemeister trace. 

Theorem B. Let X be a closed smooth G-manifold such that 

dim(X H ) > 3 and dim{X H ) < dim{X K ) - 2 
for all subgroups K C H of G that are isotropy groups of X . Then 

f-X^X 

is equivariantly homotopic to a map with no fixed points if and only if & gl {f) = 0. 

Proof. [Proposition 14.2] shows / is equivariantly homotopic to a map with no fixed 
points if and only if ci 11(72 is trivial. Proposition 14.5| shows o~\ 11(72 is trivial if and 
only if @ l {f) is trivial. [Proposition 13.4| shows W(f) = ^ 9 {f). |Proposition~Tl~3] 
shows =@ a \f). □ 

15. Equivariant Nielsen numbers 

If there is no group action, the Nielsen number is the number of nonzero co- 
efficients in the Reidemeister trace. In the equivariant generalizations of these 
invariants this connection does not hold, but it remains true that the Nielsen num- 
ber is zero if and only if the Reidemeister trace is zero. We start by considering an 
analogous result for the Lefschetz number. 

If X is compact, the spaces X H are compact for each subgroup H of G and the 
(nonequivariant) index of f H : X H — > X H is defined. 



Proposition 15.1. All integers in the set (i (f H \x H (x))) 
if the local Lefschetz number is zero. 

Recall i denotes the nonequivariant index. 



HcG 



are zero if and only 



Proof. This follows from [Proposition 6.2| and [Proposition 1.6 



If the local Lefschetz number of / is zero then Proposition 6.2| implies 

i(fH\x H {x)) =0 
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for all x(H) G B(x). Let {-Hi, H2, ■ ■ ■ H n } be the conjugacy classes of subgroups of 
G. We require that Hi C Hj implies i < j. In particular, H n = G and Hi consists 
only of the identity element. 

Since X G — Xq, i (f G \x G (x)) is zero. The map is taut, so [Proposition 1.6| 
implies 

* (/ H "-Mx-- 1( *)) = 1 (^""W^*)) + l (/ H "- 1 lx>^- 1( . ) ) ■ 



The partial order implies X >Hn - 1 = X G . Since? (f G \x G {x)) and i (/ 




are both zero, i yf 11 "^ 1 \ x H n-i [ X )J is a l so zero. The remaining steps in the induction 
are similar. 

For the converse, assume i (f H \x H (x)) f° r each x(H) G B(X). A similar argu- 
ment shows i (f H \x H (x)) is zer0 for each x(H) G B(X). □ 

To define the equivariant Nielsen number we need to introduce fixed point classes. 
First consider the relation defined by the map O in lScction 101 

Lemma 15.2. Two points y and z of &{f), such that f(y) = ym and f(z) = zn, 
have the same image under O if and only if G z is conjugate to G y , there is an 
element p of WH such that mp = pn, and there is a path tp from z to yp such that 
ipn is homotopic to /(i/O- 

Proof. If the points y and z have the same image under <d there are elements 
g, h G WH, a path 5 from f(y) to zg, and a path 7 from z to yh, such that ('jg)S 
is homotopic to the constant path at f{y) = ym and (5h)f(^) is homotopic to the 
constant path at f(z) = zn. Then the path 7 is a path from z to yh and 

f( 7 )~(jgh)(5h)f( 7 )~ 7 gh. 

For the converse suppose there is a path ip from z to zp such that tpn is homotopic 
to / (VO with end points fixed. The image of y under is (i? m , c/( y )). Since ipn is 
homotopic to f{ip) the constant path at f{y) can be replaced by 

(^p-'n) f (i/>- V 1 ) ■ 

This is identified with the path 

[ip~ 1 n) (tpn) 

which is homotopic to the constant path at f(z) = zn. This path is the image of z 
under 9. □ 

For each subgroup H of G define a map 9 from the fixed points of f H to^7Ti (X H ) D 

by 

0{x)= 1 - 1 f{ 1 )r 

where 7 is any path from * to x and r is a fixed path from * to /(*). Two fixed 
points x and y in X H are in the same (H)-fixed point class if 9(x) = 9(y). We 
will modify this relation a little to define equivariant Nielsen numbers. The most 
significant change is that we will relax the hypothesis that G z is conjugate to G y . 
If K is subconjugate to H there is a map X H — » X K . There is also a map 
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If a e^Tri (X K )b\et 



*-\a) = { 7 e II K (X H ) Ml) = 4 ■ 

{ H<K J 

Definition 15.3. 33j The equivariant Nielsen number of /, Na(f), is a function 
from the conjugacy classes of subgroups of G to the integers defined by 



i(f H ,e~ 1 (a)) ^0 and 
i (f K ,0- 1 {6)) = for all 5 G $ _1 (a) 

Here i denotes the nonequivariant fixed point index. 

Proposition 15.4. 77ie equivariant Nielsen number of a map is zero if and only 
if the equivariant geometric Reidemeister trace is zero. 

Proof. First note that 9~ 1 (a) is 

Since the map is taut and the index is additive, [301 III. 5. 3], 

i(f\ X B,e- 1 (a))= Yl iCfb^.e- 1 ^,*)). 



Using |Corollary 13.2 the geometric Reidemeister trace of / is 



\wW\ J [(i?e ' 7)] - 

The geometric Reidemeister trace of / is zero if and only if i (f\x H , © _1 (-Re, 7)) = 
for each (R e , 7). 

If the geometric Reidemeister trace is zero then i (f\x H , ^~ 1 { a )) = f° r a - 
Since all of the indices are zero, the Nielsen number is zero. 

If the Nielsen number is zero, a similar argument using the order on the subgroups 
from proposition 15. 1| shows the Reidemeister trace is also zero. □ 

Remark 15.5. Note that the equivariant Nielsen number is not the number of gen- 
erators in & 9 (f) with nonzero coefficient. The equivariant Nielsen number is a 
'non-redundant' count of the number of nonzero coefficients. In particular, the 
coefficients of S# 9 {f ) do not give a lower bound for the number of fixed points. 



16. A REVIEW OF PARAMETRIZED SPACES 

Through out this paper and especially in Sections 131 151 fTTJl and[T2"lwe freely used 
the results, definitions, and notation of [23]. In this section we recall the notation 
we use and some of the results. For more complete descriptions and examples from 
cases with no group action see [24] ■ 

An ex-G-space X over a G-space B is a G-space X with equivariant maps s: B — > 
X and p: X — > B such that p o s is the identity map of B. 
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If / : B —* G is a G-map, /iX is the ex-G-space over G with total space the push 
out 

B^C . 



X >f\X 

The universal property of the pushout defines a map f\X —> C. If Y is an ex-G- 
space over G, f*Y is the ex-G-space over B with total space the pull back 

f*Y ^Y ■ 



B 



C 



The universal property of the pullback defines a map B — > f*Y . 

If X is an ex-G-space over B and V is an ex-G-space over G, XAY is an ex-G- 
space over B x G and the fiber over a point (b, c) E B x C is the smash product of 
the fiber of X over & with the fiber of Y over c. 

If X e GEx(A, B) and Y € GEx(B, G) are 1-cells, IIY is the pullback and 
then pushforward in the following diagram. 

A x G -t Ax B x C ^ Ax BxBxC 



X MY ■ 



A*(XAY) 



AxC ■ 



AxBxC- 



XAY 



Ax BxBxC 



The product IE is the bicategory composition in the bicategory GEx. This bicat- 
egory has 0-cells G-spaces and 1-cells ex-G-spaces. The 2-cells are fiberwise maps 
that are also equi variant. 

Remark 16.1. We will require that the base and total spaces of the 1-cells in GEx 
are of the homotopy type of G-CW-complexes, the projection is an equivariant 
Hurewicz fibration, and the section is an equivariant fiberwise cofibration. When 
these conditions are satisfied the constructions we use produce the correct homo- 
topy type. The category with objects ex-spaces that satisfy these conditions and 
morphisms equivariant fiberwise homotopy classes of maps is equivalent to the ho- 
motopy category that is defined using model categories in [23] . If these conditions 
are not satisfied we will use the approximations described in [23] . 

In lScction 21 we defined duality for bicategories. There is one example of duality 
in the bicategory GEx that we used frequently. 

Definition 16.2. [23"1 18.3.1] Let X and Y be 1-cells in GEx where X is an ex-space 
over * x B and Y is an ex-space over B x *. We say (X, Y) is a Costenoble-Waner 
V-dual pair if there are maps 

rj: S V -^XMY 

and 

e:YMX^ A,S V 
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such that 

7/Aid idAr; 

S A X >■ XMY^X Y A S >• Y m X M Y 




X A S v S v A Y 

commute up to equivariant stable homotopy. 

Recall that 7 is the symmetry isomorphism. The map a takes v to — v. 

There is another characterization of dualizable objects. If X and Y are parametrized 
G-spaces over a G-space M, let {X, Y}g,m denote the equivariant fiberwise sec- 
tioned stable homotopy classes of maps from X to Y. 

Proposition 16.3. [331 16.4.6] An ex-space X over * x B is Costenoble-Waner 
dualizable with dual Y if and only if the map 

7?/(-) :{WMX, U} g ,mxb -» {W, U H Y} GM 

defined by 

, , t t id©?? /©id 

r,(f) :WMS V W IS X IS F ^ U MY 

is an isomorphism for all ex-spaces U over M x B and W over M . 

The following proposition corresponds to [Proposition 1.5| in IScctionTl 

Proposition 16.4. [H 18.5.1, 18.6.1] 

(1) If K is a compact G-ENR embedded in a representation V , then (Sk , Ck (V\ 
K) is a Costenoble- Waner V-dual pair. 

(2) If M is a smooth closed manifold embedded in a representation V with 
equivariant normal bundle vm then (Sm, S" m ) is a Costenoble-Waner V- 
dual pair. 

The ex-space Ck(V\K) is the cone of the inclusion V \K into K. The ex-space 
S" M is the fiberwise one point compactification of vm- 
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